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This article is a direct continuation of [B] , to which the reader is referred for a 
general introduction. It contains a simple proof of the Fontaine- Jannsen conjecture 
based on a crystalline version of the p-adic Poincare lemma (different proofs where 
found earlier by Faltings, Niziol, and Tsuji, the case of open varieties treated by 
Yamashita). Another approach, based on an identification of the log crystalline 
cohomology for lei maps with the noncompleted (for the Hodge filtration) derived 
de Rham complex, was developed by Bhatt [Bh2]. 

§1, which takes most of the pages, is a review of log crystalline cohomology and 
Hyodo-Kato theory. In §2 we consider a cohomology theory that assigns to any 
algebraic variety X over K an Acrys-complex RTcrys{X) equipped with a Frobenius 
action. Here K is an algebraic closure of a p-adic field K, A„ys is the Fontaine 
ring. One constructs -RFcrys applying the h-localization procedure from [B] 2.6 to 
the absolute^ log crystalline cohomology of log schemes coming from semi-stable 
pairs. We show that i?rciys(A)(X)^Z/p" equals etale cohomology with coefficients in 
Acrys/p"- This assertion - which is the crystalline p-adic Poincare lemma - comes, 
like its derived de Rham counterpart of [B] 3.3, from Bhatt's theorem [Bhl] 1.1, [B] 
4.3, but to deduce it we use the conjugate spectral sequence instead of Hodge-de 
Rham one. It yields the comparison map pcrys : ^rcrys(A) RTct{X, Zp)®^^ Acrys- 
In §3 we show that pcrys becomes isomorphism after the Bcrys-localization, which 
implies the Fontaine- Jannsen conjecture, and check compatibility of Pcrys with its 
derived de Rham cousin p^n of [B] 3.5. 

I am grateful to Bhargav Bhatt, Volodya Drinfeld, and Kazuya Kato for very 
helpful discussions. 

1. Log crystalline cohomology: a review. 

The section can be divided into four parts: 
(a) Preliminary material (1.1-1.4). The main reference for log schemes is [Kl] (see 
also [Og] for an expanded exposition). We show that the key result about existence 
of pd-envelopes, proved in [Kl] 5.4 for fine log schemes, remains true for integral 
quasi-coherent log schemes, which is our preferred log crystalline setting. 
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^i.e., relative to W{k), where k is the residue field of K. 
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(b) Log crystalline basics (1.5 1.12). One finds a concise exposition of key aspects 
of Berthelot's theory [Ber] in [BhdJ]; we discuss Kato's log crystalline theory [Kl] 
§§5-6, [HK] §2, as well as the lUusie-Olsson comparison theorem, in similar vein. 

(c) Frobenius crystals and the Hyodo-Kato theory (1.13 1.16). We deduce the 
key global results of Hyodo-Kato directly from the identification of nondegener- 
ate Frobenius crystals up to isogeny on Spec {Ok/p) with [ip, iV)-modules (cf. [012] 
5.3). The original approach of [HK] §5 (see also [1113] §7) was local and used de 
Rham-Witt complexes. The core of both arguments goes back to Dwork ([Ka] 3.1). 

(d) Fontaine's rings and absolute crystalline cohomology of log schemes over Oj^ 
(1.17-1.18). This is an exposition of [K2] §§3-4. 

1.1. Log schemes. A log scheme is denoted as {Z,M) = {Z,M,a), Z is the un- 
derlying scheme, is the monoid sheaf, a : ^4 ^ Ox is the log structure map. 
A chart for it is a homomorphism of monoids Cm '■ M ^ r(Z, M) (the chart map) 
which yields an isomorphism Af| ^ A4; here Mz is the constant sheaf of monoids 
on Xet with fibers M and = (Mf,a) is the log structure generated by the 
prelog one acM '■ Mz — Oz- A chart is integral if M is integral (i.e., the canonical 
map M M^^ - the group completion of M - is injective) and fine if, in addition, 
M is finitely generated. 

We say that [Z, M) is log affine if Z is afEne and T{Z, M) generates Ad,"^ quasi- 
coherent ([Kl] 2.1) if it admits a chart etale locally, integral^ ([Kl] 2.2) if M. is 
integral, and fine ([Kl] 2.3) if it admits a fine chart etale locally. We identify 
schemes with log schemes with trivial log structure, and write X for (X, O^). 

The category of log schemes has finite inverse limits; the underlying scheme 
functor {Z,A4) i— > Z commutes with inverse limits ([Kl] 1.6). 

Let / : {Z,M.) — > {S,C) be a map of log schemes. A chart for it consists of 
charts M — )• r{Z,A4), L — >■ r{S,C) and a map of monoids L M such that the 
evident diagram commutes. Such a chart is fine if both M, L are fine. 

Proposition. // [S, C) is fine, (Z, A4) is integral quasi- coherent, then f admits a 
chart etale locally. If(Z,A4) is fine as well, then f admits a fine chart etale locally. 

Proof. The second claim is [Kl] 2.10. We modify Kato's proof to cover the first 
claim. Let us construct an etale neighborhood with a chart of s € 5. Let 

be a finite subset of Cg that generates Cs/O^ Let if C L C be the preimages 
of Og^ and Cg by the map Cf, Cj h^. £j. Let {kj}j^j be a base of K, so 

kj = T^njid — Sn^jCi, where nji,n'j^ G N. Then ej, kj, and —kj generate L as a 
monoid, with kj -\- Sn^jCi = 'EujiCi, kj + {—kj) = being the full set of relations 
as of integral monoid. As in [Kl] 2.10, after localizing S, the map L lifts to 

a chart cl : L ^ T{S,C). 

Pick any z & Z. Let us construct its etale neighborhood with a chart for /. 
Localizing Z, we can assume that {Z,Ai) has chart M" and f*{ii) = rriigi, where 
mi e M", g, e T{Z,Oz). Set h^ := f*{cL{kj)) S T{Z,0^). Notice that M' := 
M" © T{Z,0^), equipped with an evident chart map cm', is another chart for 
A4. The elements {0,hj) + Yin'j^{mi, gi) and Yinji{mi, gi) of M' are identified by 
CM'- Let M be the integral monoid quotient of M' modulo the relations {0,hj) -\- 
Y,n'j^{mi, Qi) = T,nji{mi,gi). Then cm' factors through cm '■ M ^ r{Z,A4), which 



^I.e., every local section of M is the product of a global section and an invertible function. 
^In present article "integral" in the sense of "reduced irreducible" (scheme) is never used. 
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is again a chart, and wc have a map of monoids L — > M which assigns to e^, kj the 
images of {mi,gi), (0,/ij) in M. This is the promised chart for /. □ 

Exercises, (i) Every quasi-coherent {Z,A4) admits the maximal closed integral log 
subscheme (Z, A^)'"*. The log scheme (Z, A^)'"* is quasi-coherent, and the functor 
{Z,M) i-> {Z,M)™^ is right adjoint to the embedding of the category of quasi- 
coherent integral log schemes into that of quasi- coherent log schemes. 

(ii) If {Zi,Mi), i = 1,2, are integral quasi-coherent log schemes over a fine log 
scheme {S,C), then {Zi,Mi) X(s,£) (■^2,A^2) is quasi-coherent.'* 

(iii) Suppose {T,J\f) is integral and {Z,A4) ■=->■ {T,J\f) is an exact closed embedding 
defined by a nil ideal J C Or- If Z is affine, then for any m G T{Z,M) the set of 
its liftings to T(T,J\f) is a r(T, (1 -|- J) ^ )-torsor.5 iT,J\f) is quasi-coherent if (and 
only if) such is {Z,M).'^ 

Remarks, (i) Let / : (Z,M) — > {S,C) be a map of fine log schemes; suppose S is 
affine, Z/S is finitely presented. Then there is /' : {Z',A4') — > {S',C') having the 
same properties with 5" affine of finite type over Z, and a map {S,C) — >■ {S',C') 
such that C is the pullback of C and / isomorphic to the pullback of /'; for / log 
smooth, one can find log smooth /'. 

(ii) Suppose / as in (i) is log smooth, Z is affine, and we have a closed exact 
embedding {S, C) ^ {T,N) defined by a nil ideal J C Ot; then / is the pullback of 
some log smooth Jt ■ {Zt, Mt) ^ {T,Af) defined uniquely up to an isomorphism.^ 

We denote by A^^^^ and the affine line and the logarithimic affine line 

over a log scheme {S,C). Both equal Spec 05 [f] as schemes, the log structures are 

generated by, respectively, C and £ © N, the latter log structure map sends n £ N 
to f\ For a log (5, >C)-scheme {Z,A4), a map from it to Aj^ is (the same as) a 

section of Oz- a map to a|^''^j is a section of A4. The group scheme Ga acts on 

A^g £) by translations, Gm acts on A^^ by homotheties. For a (possibly infinite) 

set / we denote by A^^ ^j, A|g the fiber products of / copies of A^^ A|g 

1.2. Log pd-schemes. For us, a log pd-scheme is a log scheme (T,A4t) equipped 
with a pd-ideal {Jt,^) (so Jr is a quasi-coherent ideal in Ot, S a pd-struture 
on it). For a log scheme {Z,A4), its pd-thickening is an exact closed embedding 
([Kl] 3.1) of {Z,M) into a log pd-scheme as above such that Oz — > Ot/Jt- Log 
pd-schemes, i.e., pd-thickenings, form naturally a category. We often abbreviate 
(T, Mt, Jt, S) to (T, Mt, Jt); a pd-thickening as above is denoted by {Z, T, Mr) 
or simply {Z, T) . 

Let 5" = {S,C,I,j) be a log pd-scheme with p G Os nilpotent, = 0. Below 
log scheme over SK or log S"^ -schem,e, means a log scheme {Z,Ai) over {S,£) such 
that 7 extends to Z (i.e., to lOz)- A log pd-S"^ -scheme is a log ^'''-scheme (T, M.t) 
equipped with a pd-ideal {Jt,S) such that 7 and 6 extend to a pd-structure on 
Jt +IOt- We can consider pd-S^ -thickenings of {Z,A4), etc. Notice that Jt is a 



*Hint: Use the fact that etale locally both projections {Zi,A4i) — > {S,C) admit charts with 
the same L (follows from the proof of the proposition). 
^Hint: T is affine and H>°{T^t, {1 + J)^) = 0. 

''Hint: Suppose Z is affine and M v[z,M) is a chart for M. Then M Xt{z,M) r(T, jV) -> 
r(T, M) is a chart for M. 

'^By (i), we are reduced to the situation when J is nilpotent; now the assertion is [Kl] 3.14. 
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nil ideal (since for a & Jt one has aF G pJt and p" = 0). Thus pd-S'-thickenings 
of {Z,M.z) have Zet-local nature. 

The categories of log pd-schemes, log S'-schemes, and log pd-S'''-schemes have 
finite inverse limits. For a group scheme G we denote by its pd-envelope at 
1 e G; this is a group pd-scheme. One has (Gf„((Z,r)) = T{T, (1 + Jt)"")- 

1.3. Log pd-envelopes. Suppose from 1.2 is such that {S, C) is quasi-coherent. Let 
Cs« be the category whose objects are locally closed embeddings^ iy ■ {Z,M) ^ 
(y, TV) of log S'*'-schcmes such that {Z,Ai) is integral quasi-coherent, {Y,Af) is 
quasi- coherent (the morphisms are maps of (F,A/')'s that preserve (Z, Ai)'s). Let 
7s« be the category of log pd-S''*-thickenings {Z,T) as in 1.2 such that {T,Mt), 
hence {Z,A4), is integral quasi-coherent. 

Theorem. The evident functor Tst — >■ Cst (forgetting of the pd structure on Jt ) 

admits right adjoint. 

The theorem says that every iy in Cgj admits a universal factorization 

(1.3.1) {Z,M)'^{T,Mt)^{Y,M) 
with {Z,T) G Tgit called i/ie pd-S'^ -envelope of iy. 

Proof. Let us construct iy. When (Z, A^) is fine, {Y,N') is coherent, this was done 
in [Kl] 5.4. The idea of the general argument: after ctalc localization and adding 
extra polynomial variables to 1", one can realize iy as a filtered inverse limit of 
embeddings of fine log schemes, which brings It by loc. cit.; the extra polynomial 
variables arc then factored off. Here arc the details: 

(a) The pd-S'l'-envelope of iy equals that of {Z,M) ^ (F,A/')'"*, so we can 
assume that {Y,Af) is integral. The pd-S'-envelope ofiy equals its pd-F'-envelope, 
where = (F, A/',X0y), so we can assume that {Y,M) = (5*, £). The assertion 
has etale local nature, so we can assume that Z, Y are affine, Z closed in Y, and 
one has integral monoids M, N and charts M r{Z, M), N ->■ T{Y,J\f). 

(b) Pick a set of generators {mijig/ of M. Let iy ■ {Z,M) ^ (^, ^) := ^[yj^/) 
be the lifting of iy such that corresponds to {mj} (see 1.1). Let us show that iy 
admits a pd-Y^ -envelope {T,A4f). 

For a subset J of I let M( J) be the submonoid of M generated by mj, j € J, and 
Ai{J) Oz be the log structure generated by prelog one M{J)z — > Oz', there is an 
evident morphism A4{J) Ai. Let S be the set of triples s = (A^*, 7*), A^' is a 
finitely generated submonoid of N, P is a finite subset of /, 7* ; T{Z,Ai{r'')) 
is a map of monoids which lifts the composition C N ^ r{Y,M) — > r{Z,A4). 
The natural order on S makes it a directed set, and for every finitely generated 
N' CN and finite f C I one can find seS with N' C N^, I' C P. 

For s E S let A/"" — > Oy, /C' Oy be the log structures generated by the 
prelog ones VVf Oy, N{, N[r]v ^ Oy; set := M{P). The map of 
monoids © N[7*] — ?■ T{Z,M^), which is 7'* on the first component and the 
evident map on the second one, extends Z ^ V to a closed embedding of fine 
log schemes : {Z,^) ^ (y,/C"). Let iZ,M') ^ (f^Mf,) (y,/C") be its 
pd-F««.envelope, where F*" = {Y,N'^,XOy). By [Kl] 5.4, it exists and is afRne. 
When s € S varies, the pd-envelopes form an 5-projective system. Its projective 



®I.e., {Z,M) is a closed log subscheme of an open part of (Y,J\F). 
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limit is the promised pd-F^-envelope {T,Mf) oiiy- Indeed, {T,Mf) is evidently 
integral, hence it is quasi-coherent by Exercise (iii) in 1.1, so {Z,T) G Tyt, and the 
universality property is evident. 

(c) As in 1.1, {y,lC) carries the G^-action.^ By the universality property, the 
group pd-scheme (see 1.2) acts on [T^Mf). Let (T, A^t) be the quotient 
log pd-r^-scheme, so T = Spec (0(f )'^™) and Mr is the sheaf of Gj^-invariant 
sections of M.f. Let us show that the evident map it ■ {S,M) — )■ {T,A4t) is the 
pd-F^-envelope of iy- 

By construction, (T, Mr) is a log pd-y^-scheme with T affine and Mt integral. 
ir is a closed embedding of log schemes since {S,M) is a closed log subscheme of 
(y, TV). It is exact since iy is exact. By Exercise (iii) in 1.1, {T.Mt) is quasi- 
coherent. Thus {Z,T) G 7y«. It remains to prove the universality property. 

Suppose {Z',T') e Tyii is such that the structure map {T',M'rp,) -> {Y,Af) 
sends {Z',M') to {Z,M); we want to show that there is a unique Ti'ii-morphism 
{Z',T') — !> {Z,T). We can assume that Z' is afhne, so the set of Tyit-morphisms 
{Z',T') {Z,f) is a G5^((Z',r'))-torsor (see Exercise (iii) in 1.1). So there 
is a unique {Z',T') -5> {Z,T) that can be lifted to {Z,f). To finish the proof, 
it suffices to check that every s : {Z, T) {Z, T) is a section of the projection 
p : {Z,T) {Z,T). Now ps = id(^z,T) amounts to psp = p, which is clear since 
sp = g- id^z,f) for some g G Gf^((Z, f)). □ 

1.4. Log pd-smooth thickenings. An object {Z,T) of Tst (see 1.3) is said to be 
pd-S'^ -smooth if the next condition is satisfied: Suppose we have {Z',T') G Tst 
such that Z' is affine (as a plain scheme); then any map of log (5, £)-schemes 
{Z', M') -^{Z,M) can be extended to a morphism {Z' , T') {Z, T) in 7^, . 

Remarks, (i) Suppose {Z,M.) is an integral quasi- coherent log ^''^-scheme, and we 
have its closed embedding i into A^^^^ ^{s,c) ^{"sc)' where /, J are two sets (see 
1.1). Then the pd-S'''-envelope {P,Mp) of i is pd-S'^-smooth. We call such pd- 
S'-thickenings coordinate ones. If {Z,M) is log affine (see 1.1), then a coordinate 
thickening always exists, and an arbitrary (Z, T) G Tsu is pd-S'-smooth if and only 
if it is retract of a coordinate one. 

(ii) Suppose {S.C) and {Z,M.) are fine, and iy ■ {Z,M) ^ iXjN') is a closed 
embedding of log ^'-schemes with {Y,My) log smooth over (5, £) (see [Kl] 3.3). 
Then its pd-S'*'-envelope is pd-5'*'-smooth. 

(iii) For any integral quasi- coherent log affine {Z, Ai) over there is a imiversal 
i as in (i): Take I = T{Z, Oz), J = r(Z, M), the embedding i is the evident one. 
The corresponding (P""'"^, A^pumv) depends on {Z,A4) in a functorial way. 

Question. Is it true that property of being pd-S'-smooth is etale local? 

1.5. Log crystalline site. For 5' as in 1.3 and a log S't'-scheme {Z,A4) which is 

integral and quasi-coherent, the log crystalline site {{Z, Ai)/ S^)crys = {Z/Sy°j.^^ 
is formed by pairs that consist of an etale Z-scheme U/Z and a pd-^^-thickening 
{U,T) G Tstt of {U,Adu)- The coverings are etale ones, i.e., collections of mor- 
phisms such that the maps of T's form an etale covering. The structure sheaf 
Oz/s of (-^/S')cr|s is Oz/s{U,T) := T{T,Ot); let Jz/s be its canonical pd ideal. 



SPor g = (Qi) 6 one has g*{ti) = g^hi. 
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Jz/s^->T) ■= T{T,Jt), soOz/s/J^z/s equalsO^^^. One has a canonical morphism 
of topoi n^7^ : {Z/Sf^;^ Z-„ u'"z%ST){U) := r((C//5)i°|„^). 

Remark. For {Z,T) G any sheaf J" on (Z/S')[.°|g yield naturally a sheaf 

J^(z,T) on = with T{Z, J-{z,T)) ~ -^(^j The functor ^ -^(z,t) is exact, 
so the evident natural map u^Jg^{T) J^(z,t) yields one Ru^Jg^{J^) J-{z,t)- 

Proposition. The category has finite inverse limits. 

Proof. It suffices to check that our category has finite products and fiber products. 

(a) For {U,,T,) e {Z/S)l°f„ i = 1,2, let us construct their product {U,T). One 
has U = Ui Xz U2. To define T, consider the diagonal embedding iy ■ {U,A4u) ^ 
iY,J\f) := (Ti, A^Ti) X {T2,Mt2)- The ideal of Oy generated by the pullbacks of 
Jti +1'Ot, is a pd-ideal, so we have the log pd-scheme YK Let {U,T') bo the pd- 
yl'-envclope of iy (it is well defined since {Y,J\f) is integral quasi-coherent). Our 
(T, Mt) is an exact closed log pd-subscheme of (T', M.t') whose pd-ideal J"^, C Jt' 
is defined as follows. Let pi be the compositions {T',Mt') {Ti,M.Ti) — >■ {S,C). 
One can work etale locally on S, so we can assume that S is affine and C has a 
chart L r{S, C). Now J"^, is generated by sections p\{f) -pUf), f T{S, Os), 
and {Pi{^) / p2{(-)) — 1, ^ S L. Here p*{(-) are sections of Mt' with the same image 
m M.U, so their ratio is a section of O^, that equals 1 on Since pi coincide on 
{T,Mt), our {U,T) is an object of We leave it to the reader to check 
that it is the product of {Ui,Ti). 

(b) For morphisms [Ui, Ti) — !> {V, Q), i = 1,2, in let us construct their 
fiber product [W, P). One has W = Ui Xy U2. This is an open subset of ?7i Xz U2', 
let {W,P') be the restriction to W of the product of {U^,T,) (see (a)). Our iW,P) 
is an exact closed log pd-subscheme of {W, P') whose pd-ideal J'p, C Jp' is defined 
as follows. Let qi be the compositions {P',Mp') {Ti,Mt,) -> {Q,Mq). We 
can work etale locally on V, so let us assume that V is affine and Aig has a chart 
M -)• T{Q,Mq). Now Jp, is generated by sections ql{g) - q2{g), g & r{Q,OQ), 
and {ql{m)/q^{m)) -1, m e M. □ 

Let / : {Z',M')/S'^ -> {Z,M)/S^ be a map of the above data. A presheaf 7"' 

on (^7^')cr|s yields a presheaf Uys*ir) on {Z/Sy°s^ with Uys*ir )iU,T) := 
Tii{Uz',M'u^,)/T%y„T'), where Uz' U Xz Z' , := {T, Mr, Jt + mr). 
If J^' is a sheaf, then /crys* (-7' ) is a sheaf. There is an evident map Oz/s — ^ 

fcTys*{Oz'/S')- 

Corollary, /crys* defines a morphism of ringed topoi fays - {Z' / S')]?^^' ^ (Z/6')^°|g 

Proof For {U',T') e {Z'/S'f^f^ let C/ = Cf{U',T') be the category of pairs 

{(U,T),g) where (t/,T) e (^/S')[;°|s, 9 ■ (U',T') {U,T) is a map of pd-S'"- 
thickenings compatible with /. The proposition implies that C/ has finite inverse 
limits, so CJ is directed. For a presheaf on (Z/5)[.°|g, its pullback f^ys{J^) 
assigns to iU',T') the colimit of the functor {{U,T),g) T{U,T) on C^." If J" 
is a sheaf, then fcrysi-^) is the sheaf associated with fcrysi-^)- Since is directed, 
fc^ys commutes with finite inverse limits, so same is true for f*^^. We are done. □ 



^"Since {U,Aiu) ^ {T',Mt') is an exact embedding with nil ideal Jt', Mu is the quotient 
of Mt' modulo the action of 1 -|- JV' C O^, , and this action is free since Mt' is integral. 
^^Cf contains a small cofinal subcategory, so the colimit is well defined. 
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1.6. Log crystalline cohomology. For {U,T) e (Z/S')[.°|g, let {U,T^) be the restric- 
tion toUcUxz--->izUoi the standard simplicial object of (Z/S')[.°|g with terms 
([/, Ta) := {U, r)"+i (the product is computed in {Z/Sy°f^, see Proposition in 1.5). 
The construction is natural and compatible with ctalc localization, hence any sheaf 
T on yields a cosimphcial sheaf iU,T) T{U,T^). If J" is a sheaf of 

abelian groups, then let C' J- be the normalized complex of this cosimphcial sheaf. 
The functor C' is exact. There is an evident projection a : C'T — ?• T . 

The embedding H^C'T yields an isomorphism u'^ ^^(H^C T) ^ u^Jg^{T), 
so we have a natural map /3 : u°Jg^{J-) — > v^°J^^{C' J-) right inverse to u°Jg^{a). 

Suppose we have {Z,T) S {Z/S)]?,.^^. Due to exactness of C', the natural map 
Uz/sSC-J") ^ C- J-(^,T) yields one R{u'°f,^C-){T) ^ C-T(z,t)- 

Proposition, (i) One has R{u°'jg^C'){J-) ^ Ru'^^g^{J-). 

(ii) If {Z, P) G {ZlSf°l^ is pd-S^ -smooth, then R{u°Jg^C){J^) ^ C\F(z,p)- Thus 

(1.6.1) W°;^,(7-)^c-j-(z,P). 



Proof. Deriving a and /3, we get R{u^Jg^C'){T) ^ Ru^jg^{T) whose composition 
in one direction is identity; we want to check they are mutually inverse. The 
problem is local, so we can assume that there is P as in (ii) and Z is afRne. Since 
{Z,P) is pd-S'H-smooth, one has Uzjs*i^) ^ H°C F(z,p)- To prove (i), (ii), it 
suffices then to find for every T an embedding T ^ T such that H^'^C' T(^z,P) — 0- 
For (Z,r) e (^/S*)!",!, consider simplicial object {Z,P^) x {Z,T) augmented 
over (2', T). Any map {Z,T) — > {Z,P) yields its contraction in the usual way; 
such map exists since {Z,P) is pd-S'^-smooth. So the sheaf {U,T') ^ T{U,T') := 
T{{U,T') X (Z,T)) satisfies H^"CTi^z,p) = 0. If (Z,T) is pd-5f-smooth (say, 
{Z, T) — {Z, P)), then the evident map u : J' ^ JF is injectivc.^^ Wc are done. □ 

Remark, (i) Suppose (Z, P) is a coordinate thickening as in Remark (i) in 1.4. The 
X G;4"9'Ction on A^^ x {s,c)^(sc) (®^® 1-1)^^ yields, by universality, a xGj;^- 
action on {Z,P) (see 1.2). Then {Z,P) is a G|^ x Gf^-torsor on {Z/Sy°f^. Thus 
{Z, Pa) = (G«^ X (GliO" X {Z, P) and {Z, P,) is the "universal simplicial Gf x 0^- 
quotient" for the 0J x G*;f-action on (Z, P). 

(ii) If {Z, P) is pd-5f-smooth, then it is a covering of {Z/S^"^^. 

(iii) If no pd-^'-smooth (Z, P) is available, one can compute Ruz%* i-^) either 
of the next procedures: 

- By Remark (i) in 1.4 and Proposition in 1.5, any etale hypercovering p : U. Z 
with log afHne {Uq, Muo) has a pd-S'-smooth thickening {U.,P.), so Ru^^g^{T) ^ 

Rp^C p y 

- Replace Zet by an equivalent topology formed by those etale U/Z that 
{U,M.u) is log afline. Then U i-> r(f/, C\F(c/_puniv)) (see Remark (iii) in 1.4) is 
a presheaf on Z^t'; its sheafification equals Ru^^g^{F). 

^^Indeed, for U alRne one can find a map {U,T') — >• (Z,T), which yields a left inverse to v. 
i^An element {{hi), {gj))ieijeJ € x G:^ acts as tj i-> — hi, tj i-> g~^tj. 
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- Consider for each U G X^t the category S{U) of its pd-<S'*'-smooth thickenings. 
Then^"^ the presheaf U t-^ hohm((7^p)g5(j/)i?r([/, C J'([/,p)) represents Ru^Jg^{J^). 

1.7. Log O-crystals and connections. For {U, T) G (Z/5')[.°|g its de Rham pd-algebra 
^(UT)/s quotient of the relative log de Rham algebra ^(^t Mt)/{S C) ™odulo 
the relations d{u^^^) = wl"~^ldw, u G Jt- This is a sheaf of commutative dg Os- 
algebras on Tct whose terms arc quasi-coherent O^-modulcs (since (T, M.t) and 
{S,£) are quasi-coherent). It carries the Hodge pd-filtration F™, F'^Vl'^^ rpyg := 
^^m-a]^a^ pm , pi ^ pm+t _ ^^i^ shcaf of filtered commutative 
dg algebras i^^/^, n-^,s{U,T) := r{T,n-^^^^ys)' on (^/^)c°r|s- 

Exercises, (i) Let C be the closed exact log subscheme defined by the sim- 
plicial pd- ideal generated by J'^\ where is the ideal of T = Tq C Ti (see 1.6). 
Show that the normalization of the cosimplicial algebra Op, equals j^^yg. 

(ii) If {U,T) is the pd-envclopc of {U,M) ^ {y,J^) as in (1.3.1), then the compo- 
sition r*n^^Y,Ar)/(s,C) ^ ^It,Mt)/{S,c) ^ ^lu,T)/s is an isomorphism. 

(iii) If {U, T) is a pd-smooth thickening and U is afRne, then ^z/s ^ P'^O' 
jective r(T, OT)-module.i5 

A sheaf T of O^/g-modules on {Z/Sy°^fg is said to be Oz/s-crystal if for ev- 
ery morphism (j) : {U',T') ^ (U,T) in (Z/Sf°l^ the puUback map (/)-^ J"([/,t) ^ 
T(U',T') yields an isomorphism of Op' -modules <t)*J'{u,T) ^(U',t')- For such an 

let fl'z^gJ^ be the normalization of the cosimplicial sheaf {U, T) T{U, TI). By 
Exercise (i), fJ^^^J^ is a dg fi^^^-module and fi^/s-^ ^ ^z/s "^Oz/s So ^'z/s-^ 
is the de Rham complex for the flat connection V := d° : J-" ^ ^z/s ®Cz/s 

Theorem. Suppose {Z,P) is a pd-S^ -smooth thickening. Then the connection 
V(z,p) : J'{z,P) p)/s®Op J'{z,p) is quasi-nilpotent (see [Kl] 6.2). The func- 

tor I-)- {^{z,p)}^{z,p)) is an equivalence between the category of Oz/s-crystals 
and that of Op -modules equipped with an integrable quasi-nilpotent connection. 

Proof. This is theorem 6.2 from [Kl] (it is stated in loc. cit. imder the assumption 
that Ai is fine; the proof works in our setting as well). □ 

1.8. Comparison with the de Rham cohomology. Below wc call R'u^^^^ {Oz/s) and 
RT{{ZISy°l^,Oz/s) = R^{Z^t,Ruz%S^zis)) simply the log crystalline com- 
plexes. These are Eqo algebras. Let T be any O^/s-crystal. Then Ru^°Jg^{J^) 
is a Ru'^fs^{Oz/s)-^odule, RTHZ/Sy^f^J') is an i?r((Z/5)^°|3, O^/s-module. 
Theorem, (i) The evident projection ^'z/s ~^ ^zjs yields a quasi-isomorphism 

Ru'zhS^z/s^)^R'>^'zhS^)- 

(ii) For any pd-S'^ -sm.ooth {Z,P) e (Z/S')J.°|s the natural map Ruz%*i^z/s-^) 
{Q.'^lgJ^)(^z,P) is a quasi-isomorphism. Therefore 

(1.8.1) Ru"z%*i^) ^ {^z/s^){z,py 

^^To define holim, one should taJce care of the set-theoretic difficulties. 

^®Our assertion is local, so we can assume that {Z,M) is log affine; by Exercise (i) in 1.4, we 
can assume that {Z,T) is a coordinate thickening; now the assertion follows from (ii). 
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Proof. The assertions are local, so we can assume that we have (Z, P) as in (ii) and 
iZ,M) is log affine (see 1.1). For {Z,T) e {Z/Sf"^^ let {Z,Q) be the product of 
(Z,T) and {Z,P) in {Z/Sy-f,. 

Lemma. The evident map J-(z,T) ^ i^z/T-^){z,Q) quasi-isomorphism. 

Proof of Lemma. By Remark (i) in 1.4, {Z, P) is a retract of a coordinate pd-S^*- 
thickening (Z, P'). Let (Z, Q') be the product of {Z, P') and {Z, T). Then Q.'^^ 
is a retract of ^'(^zq')/t^ assertion of the lemma for ^'(^zq')/t iniplies that 

for Q,'^^ Qyrp (since the map J^(z,t) ^ H'^{^'z/t-^)(z.q) injective). By Remark 
(i) in 1.6, {Z,Q') is a Gj^ x Gl-'-torsor over {Z,T), so the lemma follows from the 
evident computation of the de Rham pd-complexes of 0^ and G|. □ 

Returning to the theorem, pick a pd-S'-smooth {Z, T) (say, a copy of [Z, P)). Let 

(Z, Q*) be the product of (Z, T*) and {Z, P); this is a simplicial object of (Z/5)J,°s, 
augmented over (Z, P). We have the cosimplicial complex (f^^/j. ^){z,Q,) \ consider 
its total complex. By the lemma, the map {C'T)(^z,t) — ^ i^z/T ^){z,q,) that comes 
from the projection {Z,Q^) — > {Z,T^), is a quasi-isomorphism. The augmentation 
{Z,Q^) — > {Z,P) yields a map (il^y.jj-')^^ p) — > (^z/T •^)(2.Qt) which is also a 



quasi-isomorphism. ° Let 5p be the composition {C\F)(z,t) i^z/T,-^){z,Q,) 
{V,'^^gT)(^z,p)- Since ^p's are compatible with maps between P's, we see that the 
simplicial structure maps {^z/s-^)iz,Pi) ~^ i^z/s-^){z,Pj) quasi-isomorphisms. 
Now both (ii) and (i) follow from the proposition in 1.6. NB: (1.8.1) equals 6p. □ 

Remarks, (i) If no global {Z, P) as in above is available, then one can compute 
Ru^Jg^{T) using (1.8.1) and Remark (iii) in 1.6. 

(ii) If {S,C) is fine and {Z,M.) is log smooth over {S,C), then (1.8.1) implies that 
(1.8.2) Ru^fs^iJ") ^ i^z/sJ'XzM)- 

(iii) The map — >■ Oz/s sends F^il'^^gT to J^l^-" (see 1.7 for the notation). 
The qiiasi-isoinorphisms in the statement of the proposition arc. in fact, filtered 
quasi-isomorphisms for these filtrations. The proof is the same - just replace "quasi- 
isomorphism" in it by "filtered quasi-isomorphism" . 

(iv) Quasi-isomorphism (1.8.1) coincides, via (1.6.1), with (the normalization of) 

the restriction map of cosimplicial sheaves J-p^ — > J-pb . 

1.9. Comparison with derived de Rham cohomology. We discuss log version of II- 
lusie's comparison theorem [1112] Ch. VIII, 2.2.8 due to Olsson [Oil] 6.10, 8.34. 

Let Lfl'^^ M)/{S C) ^® derived de Rham complex (we use Gabber's construc- 
tion [O] §8 to be recalled in a moment; see [B] 3.1 for a short review and the notation 
used below). This is a commutative dg Os-algebra on equipped with the Hodge 
filtration P™. Let us define a natural morphism of filtered E^o Og-algebras 



^®To see this, it suffices to check that ecLch map {Q.'^j gT)^z,P) ~^ i^z/T ■^)(z,Q») ^ quasi- 
isomorphism. The case a = was checked in the proof of the proposition in 1.6; the general case 
follows by base change since fJ"^ p)/s Op-&at (see Exercise (iii) in 1.7). 
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Assume for simplicity that S = Spec A, C comes from a prolog structure L — > 
A.i^ For a log affine U G Z^t set B r(J7,Oc/), M := r(C/,A^[/), so we have 
{B,M)/{A,L) € C(A,L)- Let P{U). = P(a,l){B,M). be its canonical simplicial res- 
olution (see [O] 8.3), and f^p([/) /(^ be the relative log de Rham complex, which 
is a simplicial dg algebra. Let Lflf^^ m)/{a l) ^^'^ total complex, Lfl^^g m)/{a l) ~ 
®i ^p(u)i-„/{A,L)^ filtered by the Hodge filtration := ®i>m ^p(u)^^„/iA,L)- 
filtered complex of presheaves U i->- Lil'^^g m)/(a l) -^et' represents Lil'^^ m)/(s c)- 

Let [U, T") be the pd-S'*-completion of the embedding {U, Mu) ^ Spec p{u)a\'^^ 
this is a cosimplicial object in (Z/S')[.°|s. Each {U,T°-) is pd-5''-smooth (see Re- 
mark (i) in f.4), so one has the filtered quasi- isomorphism Ru^^g^{Oz/s)\uit 
^(;7T")/s (^^^ !■?>]■ Let fi^/sl^) be the total complex of the simplicial dg algebra 
Q.-zjs{U,T-), O^z/s'^^) = ®i ^z/siU,T'-''), filtered by the Hodge-pd filtration. We 
see that fl'^^g{U, T^) n^^^(L/') is a filtered quasi-isomorphism, so Ru^Jg^{Oz/s) 
is represented by the filtered complex of presheaves U i-t- il!^^^g{U). 

Now the dc Rham puUback r* : f^p^j/) /(^al) ^ ) ^'^^ ^^'^ map of 

log schemes r : T' ^ Spec P{U). (see (1.3.1)) sends the Hodge filtration to the 
Hodge-pd one, and (1.9.1) is the map between the total complexes. 

Theorem. Suppose {Z,Ai), {S,C) are fine and f : {Z,M.) — >■ {S,C) is an integral 
locally log complete intersection morphism. Then (1.9.1) yields quasi-isomorphisms 

(1.9.2) Ln-^z,M)/isx)/P^ ^ R<h*^Oz/s/J^;jl). 



Proof. The claim is local, so we can assume that there is a fine chart L ^ M 
for / (see 1.1) such that the map Spec (Z/p"[L]) Spec (Z/p"[M]) is flat and 
the map i : Z ^ Y := Spec (Z/p"[Af]) Xspcc(z/p"[L]) -5 is a complete intersection 
embedding. By abuse of notation, denote by M and £ the log structures defined 
by the charts M on F, Spec (Z/p"[M]) and L on Spec (Z/p"[L]). The log cotan- 
gent complex L(Spec(z/p"[M]),A^)/(Spec(z/p"[L]),£) equals L(z/p"[m],m)/(z/p"[l]x) 
Z/p^[M] ® M^^ . Therefore, due to the flatness, 'i-'{Y,M)/(s,c) ~^ ^\ym)/(s c) ~^ 
Oy ® M^'^ , where (ilog(cM("^)) is identified with acM{m) (g) m (see 1.1 for the no- 
tation). One has Ij{z,m)/{y,m) =^z/y ^z'W^ where the generators ei, . . . , 
of 0™ correspond to complete intersection parameters ti, . . . ,tm G Oy- By the 
transitivity, L(^z,M)/{S/C) = Cone{S : Of -> ^Iy,m)/(s,c)^^'^' ^ dti\z. Thus 

g-TpL^'^z M)/(S c) = LKCone{5). By [fill] Ch. I. 4.3.2.1(11), this is Oz{ei,... , e„) 
®Oy^(y M)/{S C)^ where the first factor is the divided powers polynomial algebra. 

We compute Ru^Jg^{Oz/s) using (1.8.1) with {Z,P) equal to the pd-envelope 
of i : {Z,M) (Y,M). Since i is exact, P is the pd-envelope of ■=->■ F, so 
© J-jrV^"^'' ^ Oziei, Cm). So, by Remark (iii) in 1.8, gTpRu'°fg^{Oz/s) ^ 
Oz{C'i,--- ,Gm) "X^Oy ^'(Y M)/{S C)' above two identifications provide an iso- 

morphism of dg algebras gT^F^^(z,M)/iS,C) ~^ S^F^'^^z^s*i^z/s), which clearly 
coincides with the associated graded isomorphism to (1.9.1), q.e.d. □ 

Otherwise do the construction etale locally on 5. 
i^Notice that {U,T°) is (i7, P""'^) from Remark (iii) in 1.4. 
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Remark. The assertion remains true, by the direct hniit argument, if {Z,A4) is 
projective Umit of log (S, £)-schemes {Za,Ma) as in the theorem with respect to 
a directed family of affine transition maps. 

1.10. The Cartier isomorphism. For this section, S is an Wp-scheme. Let (Y.JV) be 
any log S'l'-scheme. Then for any {V, T) G {Y/Sy°l^ the Frobcnius map Fr-i' kills 
Jt since it is a pd-ideal, i.e., Frr factors asT ^T; denote the first arrow by 
Fr'rp. The datimi of all maps Fr^ forms an extension of the canonical morphism 
of topoi '■ (^/'^)crys~^ (^^^ ^■^) a morphism Fr'y of the ringed topoi. 

Let / : {Z,A4) — !> {Y,Af) be a log smooth map of Cartier type between fine log 
S''*-schcmcs; assume that f : Z Y is quasi-compact and quasi-separated. 

Theorem. The Oy/s-complex Rfciys*Oz/s carries a natural finite filtration c, 
called the conjugate filtration, together with canonical Cartier quasi-isomorphisms 

(1.10.1) C = C}: gr^Rfcrys*Oz/s ^ Fr'^Rf*^\zM)/(YMy 



Remark. The conditions imply that fi^^ m)/{yM) locally free C^-modules of fi- 
nite rank, / is flat, and i?/*^'^ m)/{yM) quasi-coherent of finite Tor-dimension. 

Proof. For (y, T) as above, one has (i?/crys*Oz/s)(^, T) = RT{{Zv/Ty°f^, Oz^/t) 
= RT{Zv,Ru^^ij,Ozy/T)- The canonical flltration on Ru^^^j,Ozv/t yields thus 
a filtration C(^v.t)- on (i?/crys*Oz/s)(^i T")- The filtrations C(^v,t)- are compatible 
with morphisms of (y,T). They form the promised c. 

The Cartier isomorphisms have local nature: they come from quasi-isomorphisms 

(1.10.2) C : Hmu'°l^^SOz./T) ^ ^lzyM)/(vM) ®fy'Oy fv'Or, 

where C5' in the r.h.s. is taken for the map Fr'f : Oy — > Ct, by applying Rr{Zv, ■)• 
Let us define (1.10.2). Its inverse is uniquely defined by the property that 
it is a map of graded /y ^Or-algebras such that for / 6 Ozy^ m G M. one has 
C~^{f) = /*(fP) and C~^(dlogm) = m*{dlogt). Here /, m at the r.h.s. are viewed 

as the ^^^xAfrf -'^(ta/'t)'^^^^^*^'^ maps, and t^, dlogt are the standard cohomol- 
ogy classes in i^OpXAj^ ' J)/(T, M-)) = F"i?r((Aj^^^^)/(r, A/-T))crys, OaJ,,^.^,/t) 
and Hi^{A\^j^^^/{T,NT}} = Fii?r((A«^^)/(r, A/-T))„ys, OaJ^^.^,/t) (soc 1.1, 
(1.8.2)). Therefore it suffices to find one such locally. By Remark (ii) in 1.1, 
we can assume that {Zv,M} extends in a log smooth way over (T,A/'t), and then 
use [Kl] 4.12(1) (via (1.8.2)). □ 

1.11. Perfect crystals and base change. We are in general situation of 1.5, so 5" is 
as in 1.3. Let {Y,Af) be any integral quasi- coherent log S'^-scheme. 

A complex J^' of Oy/5-modules on (y/5)[.°|g is said to be perfect Oy/s-crystal 
if for every {V,T) € (^/'S')c°ys the complex T'^^yj.-^ is 0T-pcrfect and for every 
(j) : {V',T') {V,T) in {Y/Sy°f^ the puUback map ./--ij"^^^^ ^ ^{v',t') yields a 
quasi-isomorphism of Ot' -complexes L(p*J^'^yj,^ ^ ■^{y t')- Perfect crystals form 
a triangulated category DP'^'^{Y/S) which is a full triangulated subcategory in the 
derived category of Or/s-modules D'>{{Y/Sy°f^,OY/s)- 
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Let now 6 : {Y" ,N''')/ S^l^ {Y,N)/S^ be a map of data as above. 

Exercise. If J-"' is a perfect Cy/^-crystal, then L9*j.yJJ") is a perfect Oy^/gi-- 
crystal. For any {V,T) G {Y/Sy°<l,, {V.T") e {Y''/S''y°>^,, and a map of log 
pd-thickenings Ot" /t ■ {V ,T'') — > (V, T) compatible with 9, one has a canonical 
identification L6*^y^{T')(y'',T'') L0^^^j,{T^yrps^). 

The next version of base change theorem [Kl] 6.10 is sufficient for our purposes. 

Let / : {Z,Ai) — >■ iY,JV) be a log smooth map of Cartier type of fine log schemes 
over Sl := S^(g)¥p such that Z is proper over Y. For 9 as above, let f : (Z^.M") 
{Y^M") be the ^-puUback of /. Then Z is flat over Y (by [Kl] 4.5), and {Z^'^M") 
is integral quasi-coherent (by [Kl] 4.3.1 and Exercise (ii) in 1.1). 

Theorem. The complex -R/crys*(Cz/s) is a perfect Oy/s-crystal, and one has a 
canonical identification 

(1.11.1) Le*,y,Rf„ys*{OY/s) ^ i?/cV(Cz-/sO- 



Proof. We can assume that Y is affine. Computing -R/crys*(Cz/s) using a finite 
covering of Z by affine opens, we get a finite filtration on it with gr.i?/crys* (Cz/s) 
equal to a finite direct sum of complexes of type i?/(7crys*(C'r//s)i U is affine. Using 
Remark (ii) in 1.1 and (1.8.2), we see that each Rfciys*{Oz/s)(v,T) can be real- 
ized as a finite complex of flat Or-modules, for every c/) : {V',T') — >■ {V,T) in 
(y/S')J.°|g the puUback map yields a quasi-isomorphism L(j)*RfcT:ys*{Oz/s){v.T) 
Rfcrys*{Oz/s){V',T')j and the puUback map for 9 yields quasi-isomorphism (1.11.1). 

It remains to check that the complexes Rfciys*{Oz/s){v,T) are 0T-perfect. By 
the above, i?/crys*(Cz/s)(y,T)<8)oyOTi = Rfciys*{Oz/Si){v,Ti), where Ti T(S)¥p. 
Since p is nilpotent in Ot, it suffices to check that -R/crys*(Cz/Si)(y,Ti) is Ot^- 
perfect, which follows from (1.10.1). □ 

1.12. The p-adic setting; absolute crystalline cohomology. One can generalize slightly 
the setting for log crystalline cohomology taking for 5" = (5, £,X) a formal p-adic 
log pd-scheme, which is the same as sequence of exact closed embeddings of log 
pd-schemes ^ S^^ ^ . . . such that Os„_, = Os^ I„_i = X„0s„_i. 

Assume that {S,C) is quasi-coherent, i.e., all (S'„,i2„) are quasi-coherent. For 
an integral quasi-coherent log S'^-scheme {Z,A4), which is a log S^-scheme for n 
sufficiently large, one defines its log crystalline site (Z/5')[.°|g as in 1.5. Notice 
that one has fully faithful embeddings {Z/Snfcrfs ^ {^/Sn+ifcrys ^ and 
(Z/S')J,°|g = [J{Z / SnYciys- The constructions and results of 1.5 remain true in the 
present setting. 

For a sheaf on (Z/S')^°|s we denote by J^n its restriction to (Z/S'„)J.°|g; one has 
J'n = incTysi^) whcrc in ■ (Z, M) / {Z, M)/S'^ is the evident map. The functor 
Ccrys admits an evident exact left adjoint incrys!, so i^^iys sends injective sheaves 
to injective ones. Therefore the functors Rf ays*, Lf*^.^^ commute with the passage 
JT ^ and one has Ru°fs^{J^) = holim„W°/^s^,(jr„), Rr{{Z/Sy°f„J^) = 
holim„i?r((Z/5„)J,°s„J-„). 

For a perfect field k of characteristic p, consider 5^ = Spec Wn{k) equipped 
with the trivial log structure and I = pWn{k) with the standard pd structure. 
Denote this 5" simply by = W{k)K Any integral quasi-coherent log fc-scheme 
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{Z,M) is automatically a log H^'-scheme. We call {{Z,M) /W^)crys the absolute 
crystalline site, so we have the corresponding absolute log crystalline complexes 
R^'z/wA^z/w), Rr„ys{Z,M)n := RmZ,M)/W^)l°,f,,Oz/wJ, and i?r„ys(^, 
:= RT{{{Z,M)/Wiy^4„Oz/w) = holimr,RT„y,{Z,M)n = RV{Z,„Ru°JwSOz/w)) 
Set Hl^y^{Z,M) := WRT„y,{Z,M). 

If [Z^M) is an integral quasi- coherent log W^(fc)-scheme, then for n > 1 we set 
{Z,M)n ■■= {Z,„Mn), where Zn ■= Z ^w{k) Wn{k) and Ain is the restriction of 
Ai to Zn C Z. We have the absolute log crystalline complexes _Rrcrys(^, A^)„ := 
Rrcrys{Zi,Mi)n and RT„ys{Z,M) := Rr„ys{Zi,Mi) = holim„i?rcrys(^, A^)„, 
which are Eqo W„(fc)- and A;) -algebras. 

Remark. If Z is a flat W^(A;)-scheme, then {Z, M)n is a log W'-scheme, and its log 
crystalline complex equals iiFcrysC.^, A4) by the crystalline invariance property. 

1.13. A digression on difference equaMons. Let i? be a ring, ipji its cndomorphism. 
Let R^ be the associative algebra generated by its subring R and ip with relation 
fi" = 'PR{'f)'P, r G R. Thus a (left) i?,^-module is the same as a left i?-module 
F equipped with a (p/f-scmilincar cndomorphism (pp called p-action; we usually 
abbreviate {F,ipp) to F. Denote by i?^-mod the abelian category of i?^-modules 
and by D^{R) its derived category. 

For Fi,F2 e i?<^-mod consider the map 6 : llomfj{Fi, F2) — >■ Hom^'(Fi, F2), 
5 = S' — 5", (5'(^) := S,PFi, '^F2Cj where Hom^-* is the group of (/3-semilinear 

maps, so Ker((5) = Rouir^ {Fi , F2) . Set Hom^^(Fi,F2) := Cone{S)[-l]. 

Exercises, (i) The map RHomji^ {Fi, F2) — > i?Hom5j (Fi , -F2 ) is a quasi-isomorphism, 
and i?Hom5j^(Fi,F2) equals Cone{RllomR{Fi, F2) i?Hom^^' (Fi, F2 ))[-!] where 
RRouiR, i?Hom^' are computed in the derived category of -R-modules.^® 
(ii) One has Hom^^(Fi,F2) = RomR^{FlF2) = }lomR^{Fi,F^) where Fl are 
natural left and right two-term resolutions of Fi , F2 . Explicitly, F^* = R^p ®r Fi = 
©„>o¥'S*Fi, where ^^*Fi :=R^^.. Fi, F^-^ = (^JjFi)'o (so if Fi is i?-projcctive, 
then the resolution F[ is i?^-projcctive), and Fj^" = n„>o0^^F2, F2 ^ = (V-R*-p2)'^°- 

An i?,^-complex is said to be R-perfect if it is perfect as a complex of i?-modules; 
such objects form a thick subcategory I?P®''^(i?) of D{R^). Let i?P''^-mod be the cat- 
egory of i?,^-modules which are finitely generated and projective as i?-modules. An 
i?,^-module M is said to be nondegenerate if the i?-linear extension ^p^J^^ : (p*rM M 
of ifM is an isogeny, i.e., <p*rM (g) Q M (g) Q; an i?,^-complex C is nondegenerate 
if the composition Lip*j^C Cg) Q ^ V*r'^ (gQ^-C^Qisa quasi-isomorphism. De- 
note by the subcategory of ? formed by nondegenerate objects, e.g. we have a 
triangulated category D'^^^{RY'^ . 

Lemma, (i) R^^-mod generates Dp^^^{R) as a triangulated category. 

(ii) If R is a mixed characteristic dvr, then R^'^^ -mod'^'^ generates DP*''^(i?)"'^. 

Proof, (i) Let C be an i?-perfect i?;p-complex. As an i?-complex, it is quasi- 
isomorphic to a complex of finitely generated projective i?-modules of finite ampli- 
tude [a, b], a>b. We show that C lies in the triangulated subcategory DPf^{R) of 
D^^'^^{R) generated by iiP''^-mod using induction by a — 6. 

^^Hint: 5 is surjective when Fi is a free i?ip-module, and Rip is free as a (left) ii- module. 
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If a = then C ^ (iJ'^C)[-a], W^C g i?P''^-mod, and we are done. Suppose 
n = a — h > 1. Then H°^C is a finitely generated i?-module. Pick a surjection 
P -» H"C where P is a finitely generated projective -R-module. The (^-action on 
H'^C can be lifted to P, i.e., there is a (^-action (pp on P such that P -» H'^C is a 
map of of i?,^-modules. Consider the projective i?^-resolution P' of P = {P,ipp). 
The above surjection lifts to a map of P^-complexes g : P'[— a] — >■ C. Since P' is 
quasi-isomorphic to P. C lies in Dl'\R) if (and only if) eone{g) Ues in £»p''*(P), 
and the latter assertion is true by the induction assumption, q.e.d. 

(ii) To make the proof of (i) work in the present situation, it suffices to check 
that for C nondegenerate and any P H'^C as in loc. cit., one can choose ipp so 
that (P, tfip) is nondegenerate. Let fp be any lifting of the (^-action on H'^C. Let 
Q C P be the kernel of the map P — >■ H'^C (g) Q. Then ipp preserves Q, P/Q is a 
projective P-module, and (P/Q) (g) Q ^- H^C (g Q, so (P/Q, ^p/g) e pP''-mod "'i. 
We can modify (fphy adding to it any map y'ljP — > Q C P which is sufficiently 
small in p-adic topology (here p is the residual characteristic of R). If this map is 
sufficiently general, then the resulting ipg, hence <^p, is an isogeny; we are done. □ 

Suppose now P is a p-adically complete commutative algebra, R ^ ]im R/p"R. 
and / C P is a closed (for the p-adic topology) ideal preserved by ipp such that 
(fip is invertible on W :— R/I and is topologically nilpotent on / (i.e., tpp acts lo- 
cally nilpotently on I /pi, hence on I/p"'I). Then / consists of all r G P such that 
(p']j(r) 0. The projection R W admits a unique section W ^ R compatible 
with the action of (p (which is automatically a ring homomorphism) . The corre- 
sponding base change functors tt* : Wi^-mod P,^-mod : i*, 7r*M := R (^w M, 
i*N := W (g)fl N = N/IN, i*7r*M = M, preserve the subcategories ?P''^-mod; 
the derived functors Lit*, Li* preserve the subcategories D^'^'^^{1). Our functors 
preserve the subcategories of non-degenerate objects as well. 

We say that tp is strongly topologically nilpotent on / if for every m > one can 
find a finite filtration of / by closed (y9/f-invariant ideals such that ipp{gT' I) C p™gr /. 

Proposition. If W is a mixed characteristic dvr and Lp is strongly topologically 
nilpotent on I, then the functors Ln*,Li* yield mutually inverse equivalences 

(L13.1) P'P"''(W')'"^ «) Q ^ P»P'=^f(P)"'^ (g) Q. 

Proof, (a) Let us show that for any P G W^'^^ -mod'^'^ and Q G R^^^-mod, one has 
RHomw^iP,IQ)®Q = 0. 

For any M G W^-mod consider the two-term complex C (M) := HomJ;^, (P, M), 

C°{M) = Romw{P, M), C^{M) = Romwi^wP^ -^)- By Exercises, PHom,^^ (P, M) 
= C'{M). Let C^(M) be the complex with the same components as C'{M) and the 
differential (5'(^) = ^(pp. Since P is nondegenerate, C'_^{M) (g) Q is acyclic. 

The functor C is exact. We prove that C'{IQ) (g Q is acyclic by defining a finite 
filtration IQ' on IQ such that for F := gtlQ one has C'{F) ~ C^(P). 

For m sufficiently large, there \s ip : P ^ fw-^ with (pp^p = p™^^idp, ipfp = 
p'^~^idip^p. By the condition of the proposition, one can find a finite filtration 7^'^ 
on I by closed (^-invariant ideals such that (pp(gr('^/) C p'"gr*^ )/. Set IQ' := I'^'^Q. 

One has ^f(P) C p^P. Therefore 5" on C (P) is divisible by p"". Set x ■= 
V'^(p-™^") e End(CO(P)); then 6" = p6'x, i.e., S{1 - px) = 5'. Since CO(P) is 
p-adically complete, 1 — px is invertible, so it yields C'^{F) C'{F), q.e.d. 
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(b) The lemma and (a) imply that for every P e DP^'^iW)""^ and Q G Dp^'^R) 
one has RRouir^ {Ltt*P, Q) (g) Q ^ RHotiiw^ {P-, Li*Q) ® Q. Thus the two functors 
Ltt* : £»P"*(VF)"'^ (8) Q ^ L»P«'-f(i?)'^'i (g,Q:Li* are adjoint. 

Since Li* is left inverse to Ltt*, it remains to show that for Q e Dp^^^{R)^'^ the 
adjunction L'K*Li*{Q®Q) — ;> QCsJQ is a quasi-isomorphism. Wc can replace Q®Q 
by Cone{Ln*Li*{Q (g> Q) -J> Q O Q), so it suffices to check that Li*{Q (gi Q) = 
implies Q Q = 0. Since Q is nondegenerate, the support 5 of Q <8) Q, which 
is a closed subset of Spec (i? (g Q), is cpi^-invariant. If S is non-empty, then this 
implies Spec (VFigQ) € 5.^° Since (3(8)Q is perfect, this contradicts the assumption 
ij*(<3 0Q) = 0, q.e.d. □ 

1.14. Frobenius crystals. Suppose as in 1.12 is equipped with an endomor- 
phism ipgi whose restriction to (S'i,£i) is the Frobenius map -Ff'(Si,£i)- Then 
for any {Z,M) over the endomorphism (p = {Fr(z,M)^^s*) of {Z,M.)/S'^ acts 
on A Frobenius Oz/s-^odule is a pair {T,ipj:), where is an Oz/s- 

module on (Z/5)J.°|g, ipjr is a <^crys-action on J^, i.e., a map ipj^ : (PcTys*{^)', 
if is an C^/s'Crystal, we call {J-,ipjr) an F-crystal. Frobenius C^/g-modules 
form an abelian category; let D^{{Z/ Sy°^^^,Oz/s) be its derived category, and 
DP"(Z/5) = DP"{{Z,M)/S^) be the thick subcategory of perfect F-crystals, i.e., 
those (Tjifjr) that is a perfect crystal (see 1.11). Such an [J-^ipjr) is nondegen- 
erate if the map L(p'*^y^{T) — > J- that comes from (/)^ is a quasi-isomorphism in 
riP"(Z/S') (g) Q; the corresponding category is denoted by DP^iZ/S)""^. 

A morphism / : {Z',M')/S'^ {Z,M)/S^ compatible with (pg,i, ipgt yields the 
pullback functor f*j.ys between the categories of Frobenius O-modules. The derived 
functor Lf*^yg preserves the subcategories of (nondegenerate) perfect F-crystals, 
and it is compatible with Lf*^^^ from 1.5 via the forgetful functor {T, ipj^) ^ T. 

Remark. The endofunctor Lip*j.y^ of Dp^^{Z/SY'^ (8> Q is canonically isomorphic to 
the identity functor. 

We usually abbreviate {J-. ipj^) to J-", and denote by Hom^ (J-"!, J-2) the group of 
Frobenius C'2/5-module morpliisms. One has an exact sequence — > Hom^(J^i , T2) 
Hom(7'i,7'2) Hom(7'i,97crys*(-^2)), the last arrow is ^ i->- 'fij^2^-iPcTys*{0'PJ^i- 

Lemma. For any J^i,J^2 G D^{{Z/ S)]?^^^, Oz/s) one has a canonical quasi-isomor- 
phism RHom^{Ti,T2) -> Cone {RHom{J^i, J^2) — >■ -R-ffom(J'i, (pcrys*(-^2)))[— !]• 

Proof. The above exact sequence yields a map of complexes a : RHom^p{Ti, T2) — > 
Cone (i?Hom(J^i, 7^2) -RHom(J^i, (^crys*(-^2)))[— !]• Let us check that a is a quasi- 
isomorphism. 

The forgetful functor {T,ipjr) h- > T from Frobenius Cz/g-modules to Oz/s- 
modules, admits a right adjoint J- 1— ?■ J-'(,p). Explicitly, J-'(ip) = Iln>o'Pcrys*{-^) 
fJ^M is the projection Un>oVcTys*i^) ^n>iV>ciys*{^)- The functor J" 
is left exact and sends injective objects to injective ones. Thus every Frobenius 
O^/S-module admits an embedding into ^(^) where G is some injective Oz/s- 
module. Therefore it suffices to check that a is a quasi-isomorphism assuming 

^"Indeed, otherwise there is r S such that vanishes on S. Suppose r mod/ G p"W^ . Since 
ipn is topologically iiilpotcnt on / and invcrtiblc on W, for m ^ one has tp^* {r) = p"(am+P''m)j 
where am 6 s{W''' ') and bm € I. Hence <^jj*('') £ p"R^ since R is p-adically complete. Since S 
is (^i{-invaj:iant, (p^*{r) vanishes on 5, i.e., 5 = 0. 
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that J^i = is any Frobenius O^/g-module and J^2 = Q(ip) with Q injective. Then 
i?Honiy(J", Qi^^)) ^ Hom(J^, Q) ^ Cone (Hom(J", Qf^^)) 11001(7", (/3crys*(^'(vp) )))[-!] 
^ Cone {KRotcl{F, Q^^)) BRotcl{T, <Pcrys*(^?(i^))))[-l], q-cd. □ 

1.15. (if, N) -modules. Let be a perfect field of characteristic p, W := W{k), 
Kq := FracW^, ifi be the Frobenius automorphism of W and Kq. As in [F2] 4.2, 
a (fi-module over Kq is a pair {V,ip), where F is a finite-dimensional ifo-vcctor 
space, lyj = lyjy is a (yj-semilinear automorphism of V; a {(p, N) -module is a triple 
{V,(f,N), where (V, is a (^-module and N = Ny is a /Co-linear endomorphism 
of V such that N(f = pcpN (then is automatically nilpotcnt). One says that V 
is effective (or of nonnegative slope) if it contains a </5y-invariant M^-lattice, hence 
one preserved by both ipv and Ny- The category {(p,N)-mod of (<^, A'')-modules 
is naturally a Tannakian tensor Qp-catcgory, and {V. 93, A^) V is a. fiber functor 
over Kq."^^ Let ((/5, A'^)''^-mod be its abelian tensor subcategory of effective modules, 
and D^^n{KoY^ c D^^n{Kq) be the respecting bounded derived categories. 

We usually abbreviate {V,ip,N) to V. For (95, A^)- modules Vi,V2, we denote by 
let Hom^^Ar(Vi, V2) be the group of (ly?, A^)-mod morphisms, and by Hom(Vi,V2), 
Hom('^)(yi, V2) the groups of JTo-linear and 9?-semilinear maps. Let Hom^ Ar(^i: ^2) 
be the complex Hom(Fi,F2) ^ Hom('^)(yi, F2) ©Hom(yi,V2) Hom^^"' (Fi, t/2) 
supported in degrees [0,2] with the differential (i"(C) = ('/'2C ^ ^Vii^2^ — £.^i)- 
dHx,^) = N2X-pxNi-p'P2^J+t^i. Clearly Hom^, jv (14, V2) = H°Roml j,{V,,V2). 

Exercise. Show that _RHom,p^jv(Vi, 1^) iioin^^^j^{Vi,V2). 

Remark. Complexes Hom^ jy compose naturally, so they provide a dg category 
structure on {ip, A^)-modulcs. By Exercise, its homotopy category equals Dip^n{Kq). 

Let (y, C) be an integral log fc-schemc such that y is a local scheme with residue 
field k, the maximal ideal of Oy is killed by a power of Frobenius (say, Y is Ar- 
tinian), and C/Oy = '^>o- As in 1.12, we view it as a log scheme over = WK 

Theorem. There is a canonical equivalence of triangulated categores 

(1.15.1) CY ■■ D^^nW^ ^ Dl-\Y/WT^ ® Q. 

Proof, (a) Let : {Y^,C^) ^ {Y,C) be the exact embedding with r° := Fred = 
Specfc. Then Li°*^^ : DP"(r/TF)"^ ® Q ^ D^^iY^ /W)'''^ (g) Q is an equivalence 
of categories. Indeed, since some power of Fr^y^c) factors through i^, the assertion 
follows from Remark in 1.14. Our cy will satisfy 

(1.15.2) ey = {Li%^,)-^eyo. 

Thus it suffices to construct eyo. So for the rest of the proof we assume that 
Y = r°, i.e., Y = Specfc. 

(b) Let £^ C £ be the subset of generators of £, i.e, the preimage of 1 G 
Z>o = C/k^] this is a fc^-torsor. Let W{ti) be the divided powers polynomial 
algebra generated by elements U, I E C^, subject to relations tai = [a]ti for a € fc^; 
here [a] £ is the Teichmiiller lifting of a. Let R be the p-adic completion 



The same is true for the category of (^modules. 
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oi W{ti), Ce be the log structure on E := Speci? generated by ti. One has an 
exact embedding i : {Y,C) ^ {E,Ce), U ^ I, and a lyj-action ipR = '■P on {E,jCe), 
ipjiiti) — tf, that extends the Probenius endomorphism of {Y,C). Then {E,CE)n 
(see 1.12) is a coordinate pd-W„(fc)-thickening of {¥,£,). 

For V G {(f, N)°^-mod, pick a VK-lattice V(o) invariant with respect to (p and N. 
The i?- module V(^o)r ^(o) ®w -R carries a log connection V and a (/3-action 
such that (^v and ^tidt^ preserve generators V(o) C V(o)_r and coincide there with 
ip and A^. According to 1.7, the data of vector bundles (V(o)ij)„ = V(o) ig) on 
£"„ equipped with the above connection and (/^-action yields a F-crystal on Y/W 
which we denote by eY(V(o)). Thus a finite complex V in {ip, NY^-mod equipped 
with a data of lattices V^g-j invariant with respect to p, N, and the differential, 
yields a nondegenerate perfect Frobenius crystal er(V(o)) '-'^ (Y,jO.)/W. Viewed up 
to isogeny, it does not depend on the choice of V^^^ . We have defined a triangulated 
functor ey : D^^n{KoY^ ^ DP"(Y/WY'^ ® Q. 

(c) cy is fully faithful: Use Exercise above and Lemma in 1.14 (combined with 
(1.8.1)) to compute the respective Ext's. 

(d) ey is essentially surjective: By (c), it suffices to check that for every (J-", ipjr) G 
DP"(r/M^)"^ the cohomology H'T belong to £iP"(y/VF)"^ (g) Q and lie in the 
image of ey. Consider T{E,Ce) '■= holim„J^((i?, ££;)„). This is a perfect R- 
complex equipped with a nondegenerate (^-action, so T{E,£e) G ^'^"^(i?)"'^. 
The (/^-action on R satisfies conditions of Proposition in 1.13.^^ So, by (1.13.1), 
H^T{E, Ce) (X) Q, viewed as an i?-module equipped with (/3-action, can be written 
in a canonical way as V (Eiw Rj where V is an effective (/^-module. The operator 
VtjOj^ G EndKoH^J^iEjCE) ® Q preserves V (as follows, say, from part (a) of the 
proof of loc. cit.); set Ny :— Vtidt^\v- Then {V,(pv,^v) is an effective {(f,N}- 
module and WJ^ = ey(F), q.e.d. □ 

Remarks, (i) To construct {Li^*yg)~^ from (1.15.2), pick a left inverse tt : {Y,C) 
(yo, /:°) to ^0 (it is not unique ii Y =^ yO). Then Ltt*^^ : DP'='^{Y° /W)""^ (g) Q ^ 
DP^iY/W)""^ (g) Q is left inverse, hence inverse, to Li°*y^. 

(ii) For J" e DP"{Y/WY'^, the complex e^^(J') as an object of D^{W) is equal to 
Lz"*ys(-F)(Spec VF, £^), where £^ is the log structure on W defined by the prelog 
one £° — >■ A; W, the right arrow is the Teichmiiller section. 

(iii) For a map / : (Y' , £')/k' {Y, C)/k of data as above its ramification index is 

a number e such that the map Z>o = C/Oy C'/Oyi = Z>q is multiplication by 
e. One has Lf*,^^eY{V- ,^p, N) = ey/(V^, , eN) where Vj^, := (^Ko V' . 

1.16. Hyodo-Kato theory. Let K be a p-adic field, i.e., a complete discretely valued 
field of characteristic with perfect residue field k = Ok/^k- Let £ = £k be the 
canonical log structure on S = Sk '■= Spec Ok generated by prelog one Ok \ {0} 
Ok- As in 1.12, we have log W„(fc)-schemes (S', £)„. Let v be the valuation on K 
normalized so that v{p) = 1; thus v : Cn/{OK/p^)^ e^^Z>o, where Ck is the 
absolute ramification index, i.e., the degree of K over Kq = FracW^(fc). 

Let / : {Z\,Ai\) — >■ (5i, £i) be a log smooth map of Cartier type with {Zi,Mi) 
fine and Zi is proper over 5*1. By the theorem in 1.11, -R/crys*(Czi/M'(fe)) is a 
perfect F-crystal on {Si, £i)/W{k). The next result was proved in [HK] 2.24: 

^^To check that the (^-action on / = tiR is strongly topologically nilpotent, use the finite 
filtration / Z> til D tfl D ■ ■ . D t^I, where n is sufficiently large. 



18 



A. BEILINSON 



Proposition. This F-crystal is nondegenerate (see 1.14)- ^ 

Therefore i?/erys*(Ozi/w(fe)) G i?P^'-(Si/W(fc))"d. Let f : (Z?,^?) ^ (5?,/:?) 
be the puUback of {Zi,Mi) by the exact embedding i° : (5?,/:?) 

= Specfc, so L4%i?/crys*(Czi/vy(fc)) = i?/crys*(0Z?/TV(fe)) (§66 (1.11.1)). 

Choose {Y,jC) in 1.15 to be either of log fc-schemes {S-i,jCi) and (S'i,£?); by 

the theorem in loc. cit., we have equivalences es^ and e^o = Li'^*y^esi. We define 
the Hyodo-Kato complex RTuk{Z°,Mi) € D^^n{Ko) as eg^^i?/crys*(Czi/w'(fc)) = 
e~o -R/crys*(CzS'/w(/c)) with operator A'' replaced by eJ^N. 

Remark. The normalization of N was chosen in order to make the Hyodo-Kato 
complex to be compatible with base change: If K' is a finite extension of K, 

S' = SpecOx', etc., and {Z[, M[)/{S[, C[) is the puUback of {Zi,Mi), then 
RTi^{Zp,M'l') = i?rHK(^?,A^?) ^li^o by (1.11.1) and Remark (iii) in 1.15. 

Let us show that the Hyodo-Kato complex controls, up to isogeny, the relative 
log crystalline cohomology of base changes of /. Let 6 : {Si,Ci) (S'i,£i) be 
a map of integral quasi-coherent log schemes, {E~,Ce) = lin^ (i?^, Cr„) be a p- 
adic pd-thickening of (S'i,£i) over W{k). Suppose is afHne, so we have a p- 
adic ring A equipped with a pd-ideal / such that Spec A// = Si, En = SpecA„, 
A„ := A/p". Let : {Zl,Mi) {SI, CI) be the fl-base change of /. Consider 
the ^-complex Rr„y,{{Zl/ E~y°f^, Ozi/e-) = holim„i?r„ys((^I/-E;)[,°|„ Ozi/b;)- 
Any endomorphism ip = ips- of {E~, Ce) that lifts the Frobenius endomorphism of 
{Si, Ci) and is compatible with Lp on W{k), acts naturally on our ^-complex. 

The datum of 9 and {E~, Ce) yields a Hyodo-Kato Ga-torsor Spec A^ over Spec Aq, 
Aq := A ^ Q. Namely, let Cg be the monoid of pairs {1,1') where I G Ci and 
Tg r{E~,CE) lifts the puUback of / in £i. We usually abbreviate {1,1') to /"and 
write v{r) := v{l) € Q. Our Cg is an extension of Ci by (1 -|- /)^, and there is a 
natural embedding ^ Ce, a i->- {la, IZ) ■= the images of the Teichmiiller element 
[a] e W{k)^ in {Ok/p)^, A^ . Then Aq is an ^Q-algcbra equipped with a map 
of monoids log : Ce/k^ —5- A^ that coincides on (1 + I)^ with the composition 

{1 + I)^ — >■ / ^ —)■ Aq, where the left arrow is the logarithm defined by the 
pd-structure, and such that this datum is universal. Let A'' be the ^Q-derivation 
of A^Q such that Ar(log(r)) = -v{r). Since N is locally nilpotent. Spec Al carries 
a Ga-action that integrates N (i.e., N acts as the standard generator of Lie Go). 

Lemma, (i) SpecAq is a Ga-torsor over SpecAq. 

(a) Any Frobenius lifting (p = (pE- as above acts naturally on A^, and Nip = pipN. 

Proof. Since v : (£i/fc^)s'- ® Q ^ Q, for any /~ G Ce with v{l') ^ the element 
log(r) freely generates Aq over Aq. This implies (i). Then ip acts on Aq by 
transport of structure, and the formula in (ii) follows since v{ip{r)) = pv{r). □ 

The Hyodo-Kato complex carries a natural Go-action that integrates the nilpo- 
tent endomorphism A''. Let i?rHK(-Z^i , be its twist by the Hyodo-Kato tor- 

sor. Explicitly, i?rHK(^i , Xi)V,, = {R^bk{Z^ , M^i) (S)k„ -4^)^"°, where N acts as 
A'' (gi id -|- id (8) A'^. Another description: Any 1' G Cg/k^ such that v{r) ^ yields 
a trivialization sr of the torsor defined by the equation log(r)(sr) = 0; one has 
si'- = sjH-a, where a = a{r, I'') := v{r)~^ log{r)—v{l'~)~^ log(Z'"') e ^q. Thus every 
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Z~as above yields an identification ai~ : i?rHK(-^i , -A^i) R^BKiZi, Mi)]^^, 

and ai'-= arexp{a{l'~ r)N) . 

Theorem, (i) The A- complex RTcrys{{Zi/ E~y°^^^,Ozi/E'~) is perfect, and one has 

(a) There is a canonical Hyodo-Kato quasi-isomorphism of Aq- complexes 

(1.16.1) i : i?rHK(^i°,A^?)5i,, ^ RT,,y,{{Zl/Ey°f^,OzyE~)<»Q- 
If we have a Frobenius lifting (pE~, then l commutes with its action. 

Proof, (i) By the theorem in 1.11 and Exercise in loc. cit., -R/crys*(Czr/iy) is a per- 
fect Osj/i^A-crystal. Its value on {Si,E~) equals RT„ys{{Zi/E~y°^f.^,Ozi/E-)- So 
the latter complex is A„-perfect and RTcrys{{Zl/En_^_iy°f^, Ozi/e;,+J ®a„+i = 
Rr,,y,iiZl/E~y°f^,Ozi/E~)- This implies (i) since Rr„y,{{Z~i/Ey°f^,ol-,/E-) = 
holim„Rr,,y,{{Zl/E~y°f^,Oz-,/E;i)- 

(ii) To define t, it suffices to have isomorphisms tr = tar : RTijk{Zi,Mi) 
Aq ^ RT^,y,{{Zl/E~y°f^, Ozi/E~) ® Q such that lv- = Lrcxp{a{r, r)N) for Tin a 
given subset of £$/k^. We take for it the subset of T = (/,/~) with v{l) = ej/. 

We use the notation of 1.15. Picking an element I G £i/k^ such that t'(/) = e^y 
amounts to a choice of wi : (5*1, £i) — ?■ {Si,Ci) left inverse to i° : {Si,£i) ^ 
(S'i,£i) (we assign to tt; the 7r;*-image of a generator Z° of £°). Picking (/,/~) € 
Cg/k^ amounts to a choice of a morphism of pd-thickenings 9r : E~ ^ E that ex- 
tends TTi9 (we assign to ^rthc -image of the generator tjo oi CE/k" , sec part (b) of 
the proof of the theorem in 1.15). By Remark (i) in 1.15, L7r;*j,j.ygego_RrHK(^i , -^i) 
Rfcrys*{Oz,/w{k))(^Q, SO, by the theorem in 1.11, L(6'7r;)cryses?'RrHK(^i°, A^?) ^ 
RfcTys*{Ozi/w) <8 Q- Evaluating on {SI, En) and using Exercise in 1.11, we 
get Le^iesoiRrMZ^MlmSlE)) ^ RT„y,{{Zl/ ETy-^,, O zi , e~) ® Q- By part 

(b) of the proof of the theorem in 1.15, one has eso{RTyK{Z'i,M^^)){Sl,E) = 
i?rHK(^i , A^i) ®w(k) Rj so the previous isomorphism can be rewritten as identi- 
fication RTbk{Z^,M1) ®Ko Aq ^ Rr,,y,{{Zl/Ey°f^,Oz~,/E^) ® Q, which is the 
promised Lr. The compatibility between tr's for different /"follows from the descrip- 
tion of the connection on ego{RrHK.{Zi , Mi)){Si , E) in terms of N, see the proof 
of the theorem in 1.11. □ 

Example. Suppose {Z, M) be a fine log scheme log smooth over {S, C). Assume that 
Z is proper over 5 and (Z, A^)i ~ {Zi,Aii) is of Cartier type over (S*, £)i. Consider 
= id(sixi) and {E,Ce) - {S,C), so A = Ok- Then RT{{Z,/Sny°%,Oz,/sJ = 
Rr{Zn, ^'f^z M) /{S C) ) (1-8.2) and the invariance property of crystalline topol- 
ogy, so RT{{Zi/ Sy°\^,Oz^/s) = R^{Z^^{z,M)/{s,C))'' ^"^^ ^^"^ rewrite the 
Hyodo-Kato quasi-isomorphism as (here Zk ■= Z ®Ok ^) 

(1.16.2) MR : RT^iZlMlfj, ^ RT{ZKM(z^^MK)/Ky 

1.17. Absolute crystalline cohomology of Of^/p. As in 1.16, Kq = PracH^, where 
W = W{k), k is perfect. Let K be an algebraic closure of Ko, Oj^ be its ring of 
integers, k = Oj^/mj^ the residue field. Let £ be the canonical log structure on 
S := SpecO^ generated by the prelog structure \ {0} — >■ O^. Let v be the 
normalized valuation on K, v{p) = 1, so we have v : £/0^ = £i/(0^/p)^ Q>o- 
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Consider Fontaine's ring Acrys from [Fl] 2.2, 2.3. This is a p-adically complete 
ring such that Acrysn = Acrys/p" is a universal pd-thickening of O^/p over W„. 

Let JcTysn be the pd-ideals, A^rysn/ Jcrysn — ^k/P- -S^crysn ■— SpGC Ad-ygn- 

Proposition. The log structure Ci on Spec{Oj^lp) = Si extends in a unique 
manner to an integral log structure Caysn on -Bcrysn- The pd-thickening {S, C)i ^ 
{Ecrysn, J^crysn) is Universal, i.e., for {Z,T) e 7vi/„ every m,ap h : (Z,M) {S,C)i 
of log k-schemes extends in a unique way to a Twr, -'map hr : {Z, T) — ^ (5*1 , ii^crys n) ■ 

Proof. Let us construct £crysn- Let £^"'* be a copy of Ci and a^"^ : — > Acrys n 
be the map = 5(0^", where a{l) is any lifting of a{l) S Og;/p to Acrys n- 

This rnap is well defined, and it is a prelog structure on Acrys n- Our £crysn is 
the log structure that corresponds to a^"'\ The embedding Si ^ -Bcrysn extends 
to a morphism of log schemes {Si,Ci) — )• (Scrysn, -Ccrysn)) the map >Ccrysn|si — > £,i 
coming from the map of monoids V" : r^"^ ^ £i, I ^ F . This is an exact 
embedding since Ci/{Oj^/p)^ ~ Q>o- 

It remains to check the universality property. By [Fl] 2.2.1, h : Z ^ Sx extends 
in a unique manner to a map of pd-W„-schemes Ht : T ^ Ecvysn- We define 
h*j. : C!f^ Mt as follows. For I e the section h*{l) of M lifts locally to a 
section h*{l) e Mt] set := h*{iy" . This map is well defined,^'' and it is a 

morphism of monoids such that the next diagram commutes (here <^"(0 = P ): 

£(") ^ Mt 
(1.17.1) icp^ i 

Since is p-divisible, is uniquely defined by this property. One checks imme- 
diately that arh^ ~ h'^a^"'^ : >C^"' — > Ot, so, extending h^ to £crysn, we get the 
promised Ht ■ {T,A4t) ("Si, -t^crysn)- Its uniqueness is clear from the above. □ 

The Frobenius map ip lifts then to (ii'crysn, 'Ccrysn) by imivcrsality. 

By universality, the log structures Ccrysn are mutually compatible. Thus we have 

the log structure £crys = ym^crysn on i^crys = Spec Acrys such that £crysUcryE,„ = 

£crysn- Explicitly, the identifications £crys n | Bcrya „ — > £crysm for n > m come from 
the maps £^"^ £^™\ I t-^ (p^~™-{l), and the log structure £crys comes from the 
prelog one a^p = ^ima^") : dp :— |im£^"-* Ac 



£i M. 



»-crys' 

Exercise. One has C,p ^ {\ ^ £crys : <p(A) = A^'}.^^ 

By the proposition, (5i,-Ecrysn) is a universal object of the crystalline topology 
((5, £)i/W„)crys) so for any sheaf T its global sections are equal to F{Si,Ecrysn)- 
The etale topology of E„ysn is trivial, so the higher cohomology vanish and 

(1.17.2) i?r(((5,£)i/W„)crys,-^) =^(5l, Ccrysn). 



^^Indeed, for a e Acrys n and 6 g Jcrysn one has (a + hY = oP (since V £ pJcrysn). 
24lndeed, >1t/(1 + JtV ^ M and for h & Jt one has (1 + hy" = 1. 
^Sffint: dimQp{6 e B+ys : <p{b) =pb,be F^} = 1. 
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Thus for a sheaf T on ((S, £)i/W)crys one has 

(1.17.3) i?r(((5,£)l/W^)erys,^) = J^(5l,^crys) := hoUm„jr(5l , Eerys n) • 

In particular, 

(1.17.4) /^rQi-yg (iS'j — -^crysni -^fcrys(*^) — -^crys* 

1.18. Absolute crystalline cohomology of log schemes over Oj^/p. Let / : {Zi,A4i) 
— ^ {S,jC,)i be a map of log schemes, its source is integral quasi-coherent. Then for 
any sheaf on {{Zi,A4i)/W)ciys one has a natural identification 

(1.18.1) RTiiiZi, M-i)/W)crys, :F) ^ RT(((Zl, Ml)l{Si,E,,y,)),,y,,F). 

Namely, consider J„ys '■ {{Zi, Mi) /W)crys {{S,£)i/W)ciys; then the l.h.s. of 

(1.18.1) is RT{{{S, C)i/W)crys, Rfcrys*J^), the Same is true for the r.h.s. by (1.17.3). 

Let ii' C be a finite extension of Kq, and = 9k '■ {S, C) {S, C) = {Sk, (^k) 
be the map defined by the embedding K ^ K. Suppose our / is the base change 
of / : {Zi,Mi) iS,jC)i by 0i, i.e., we have 6*21 : {Zl,Ml) {Zi,Mi) such 
that the square (/, /, 6\,6zi) is Cartesian, and / satisfies the properties from 1.16. 
Applying the theorem in 1.16 to 5*1 = Si, E = i?crys and using (1.18.1) for = 
C'zi/iVj we get (recall that B+y^ :— Acrys®Q; sec 1.12 for the rest of the notation): 

Theorem, (i) Rrcrys{Zi,Mi) is a perfect Ac^y^-complex, and i?r<;rys(^i, A^i)rt — 

RV„y^{Zl,Ml) <S)^ Z/P" = RV^,y^{ZuMl) <E>A„y3^crysn- 

(ii) There is a canonical quasi-isomorphism of B^^y^- complexes 

(1.18.2) icrys : i?rHK(^?,X;)L ^ RT„y,{Zl, Ml) ^ Q 

^crys 

compatible with the action of (p. □ 

Remarks, (i) The ring A^j.ygQ from 1.16 equals Fontaine's ring B^^. Indeed, by [Fl] 
3.1, B^ is a B+yg-algcbra equipped with a monoid map log : Ccrys/k^ — > B^ that 
equals the logarithm defined by the pd-structurc on (1 + Jcrys)^, and such that 
this datum is universal. Since the evident map Ce — ^ £crys yields an isomorphism 
{Le/k'')^' (g) Q (rcrys/fc"")*^' Q, the assertion follows. The derivation N and 
the Probenius action tp from 1.16 coincide with those from [Fl] 3.2. 

(ii) Suppose our / is such that the datum of (K, {Zi, Mi), Ozi) as above exists, 
but we don't want to specify one. All such data form a category in an evident man- 
ner; since Si is faithfully flat over Si, it is an ordered set, which we denote by Si. 
In fact. Si is directed. For a morphism {K' , {Z[, M'i),6'z-^) (K,{Zi, Mi),6zi) 
in Si, one has a canonical identification RTys^{Z^,Mi) ®Ko K'q ^ RTYs<i{Z'^ , Mf) 
(see the first remark in 1.16), and isomorphisms (1.8.2) are compatible with it (by 
the second remark in loc. cit.). Set RTYa^{Zi,M\) := lin^ „^ RT^ (Z^. Mi): this is 
a complex of {ip, -A'')-modules over Kq^'^^ functorial with respect to morphisms of 
X's, and (1.8.2) provides a canonical isomorphism compatible with the action of 

(1.18.3) tcrys : -RrHK(^I, Ml)L 4 i?r„ys(^I, Ml) ® Q. 

-t>crys 



^^The maximal unramified extension of Kq in K. 
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Since SpecB^ is a Ga-torsor over SpecB+yg (see Lemma in 1.16), (1.18.3) amounts 
to a quasi-isomorphism of B^-complexes compatible with the action of A'^ and 

(1.18.4) icrys : RV^{Z\, A1T)b+ 4 i?r„y«(Zl, Mi) B+. 

Here RV^{Z\M'i\^^ ■= Rrmi{Zi,Mi) ^k^- B+ 

(iii) Suppose {Zi, Aii)/{S, £.)i is reduction mod p of a log scheme {Z~ Ai~)/{S, C). 
Assume that there exists a datum [K, {Z, M.),0z), where C K is a finite exten- 
sion of Kq, {Z,M)/{S,C) is a log scheme that satisfies conditions of Example in 
1.16, and 6z : {Z~,M~) {Z,M) is an identification of {Z~,M~) with the 9- 
puUback of (Z, ^A). Again, such data form a directed set S, and the reduction mod 
p map H — >■ Si is cofinal. Isomorphisms (1.16.2) are compatible with morphisms in 
S, and their S-colimit is a natural isomorphism (here Z^ := Z~0Ok K) 

(1.18.5) .dR : RTMZu 4 i?r(Z^, ilf^. ,^.)/^). 

2. The /i-sheaf A^^ys and the crystalline Poincare lemma. 

2.1. Let (V, y) be an ss-pair over see [B] 2.2(c). As in [B] 3.2, we view it as 

a log Vr(fc)-scheme with underlying scheme V. The final object Spec(^, O^) of 
Varg is (5, £) (see 1.17), so iy, V") is a log scheme over {S,C). 

As in 1.12, one has the absolute log crystalline complexes iircrys(V, V')^ and 

i?r„ys(V,F) = h0lim„iircrys(l^,1^)„. By (1.17.4), iir„ys(Spec(^, O^)) = A^ys. 

According to the lemma in [B] 4.1, there is a finite extension K of Kq, K d 
and a log smooth integral map / : {Z,M.) — >■ {S,£) = (Spec O^f , £if ) with /i of 
Cartier type, together with an identification of (F, V") / (S, C) with the pullback of 
{Z,M)/{S,C) by e : {S, C) {S,C) (see 1.18). By (i) of Theorem in 1.18, one has: 

Proposition. i?rcrys(V, V) is a perfect A^ys- complex and RT^ysiy, V) ®^ "L/p^ 4 

Remark. Enlarging K, we find that any finite diagram of (y,F)'s comes from a 
diagram of (Z, A4)'s over common {S,C). 

2.2. Let ^crys be h-sheafification of the presheaf {V.V) ^ RT„ys{y,V) on Var^ 
(see [B] 2.6). This is an h-sheaf of Eqo Acrys-algebras on Var^f equipped with the 
Probenius action ip. Since h-sheafification is exact, -4crysn := ^crys ®^ Z/p" equals 
the h-sheafification of the presheaf {V, V) i->- J?rcrys(V, V)n by the above corollary. 

Consider the map Acrysn — > -4,crysn, the source viewed as a constant h-sheaf. 

Theorem (the crystalline Poincare lemma). The maps ^crysn A:rysn o-re quasi- 
isomorphisms of h-sheaves on Varf^ . 

Proof. It suffices to consider the case of n = 1: Indeed, Aciys i = -Acrys « f^z/pn ^/p, 
so Cone (Acrysn -4crysra) has & filtration of length n with successive quotients 
Cone (Acrysi — > -4,crysi), and we are done. 

Since Acrysi — > if°-4,crysi, wc uccd to show that H^^Aaysi — 0. It suffices to 
show that every (V, t^) G Var^ admits an h-covering {V', V') — > {V, V) such that 
the map ff>°i?rcrys(K V)i ^ H>^*Rr„ys{V\V')i vanishes. By the next lemma, 
any composition of dim V + 1 p-negligible h-coverings (see [B] 4.3) does the job, so 
we are done by the theorem in [B] 4.3. 

Let (y™+\ y^+i) ^ . . . A {V\ V^) be p-negligible maps in Varf . 
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Lemma. The composition T>oR^cTys{V^ ,V'^)i T>QRTciys{V™+'^ ,V™+'^)i van- 
ishes if m > dim . 

Proof of Lemma. Choose K and : {Z\M'-) (5, £) = (SpecOx,£if) for 
{V\V') as in 2.1 so that Vi come from morphisms Vi : {Z'+'^ , M'+'^) {Z\M') 
over iS,C). Since i?r(Zl, ^^.^^/^^^^^ J = i?r(Z% ^^.^/^^ 0^^ {Ok/p) 
and V'i is p-neghgible, we know that the ?/>* morphisms RT{Zl,V,'^^i m^)i/(S ~^ 

Rnz{^\^lz^+^,M*+^),/(s,c),)^ « > 0' and T>oi?r(zj,02i) ^ T>oi?r(zi+i, O^.+i) 

vanish as maps in the derived category of O/f/p -modules. The lemma fol- 
lows now from (1.10.1), since the span of the conjugate filtration on the source 
is[0,dimyi]. □ 

2.3. For X G Varjf set i?rcrys(-'^) := -Rr(Xh, ^crys)- This is an Eqo Acrys-algebra 
equipped with the Frobenius action ip. The Galois group Ga\{K / Kq) acts on Var^, 
and it acts on X i->^ RTt^T^s{X) by transport of structure. In particular, if X is 
defined over an extension K C K oi Kq, X = Xk 0a: K, then Gal{K / K) acts 
naturally on RTc,:ys{X). 

One has a canonical quasi-isomorphism of Eqo Acrysn- algebras 

(2.3.1) RT,,ys{X) 0^ Z/p" ^ RT{X^u Z/p") <S)i,^n K.y.n 

defined as the composition of RT^rysiX) 0^ Z/p" = i?r(Xh, Arys <8)^ Z/p") 

i?r(Xh, AcrysrO ^ i?r(Xct, Acrys„) i?r(Xct , Z/p") 0^/p„ Acrys « i hcrC thc first ^ 

comes from the crystalline Poincare lemma, the second one comes since, by Deligne's 
cohomological descent, the etale and h-cohomology with torsion coefficients coincide 

(sec Remark in [B] 3.4), thc third one is [G] 3.3. 

Isomorphisms (2.3.1) for different n's are compatible; applying holim„, we get 

(2.3.2) i?rerys(X)0Zp ^ RTa{X, Zp) A„ys. 

Here ?0Zp := holim„(? 0-^ Z/p") is the notation from [B] (1.1.1), i?ret(X,Zp) 
:= holim„i?r(X^t)Z/p")) and we use the identification Rr^t{X,l,p) 02^ Acrys -> 
holim„i?r(Xet, Z/p") 02/pn Acrys n; which comes since i?r^t(X, Zp) 0^^ Z/p" = 
i?r(Ar6t, Z/p") and RT(,t{X,'Lp) is a perfect Zp-complex. 

2.4. To control i?rcrys(Ar) 0Q, we use its connection with the de Rham cohomology 
provided by the Hyodo-Kato theory: 

For an ss-pair {V,V) over K, set RTm.{V,V) := RTbk{{V,V)i), see Remark 
(ii) in 1.18. By loc. cit., one has natural isomorphisms ^^crys • ^rHK(V, V^) i — >■ 

RT„y,{V, V) Q, tdR : RTmi{V, V)\ ^ RTak{Vk, 9^). Let Ahk be h-sheafification 
of the presheaf (V,V) i-)- RTijKiV,V) on Var^; this is an h-sheaf of E^o K^"- 
algebras on Varj^ equipped with (p-action and locally nilpotcnt derivation N such 
that N(p = pipN. For X e Vara set RT]s<i{X) := i?r(Xh, -4hk)- We get canonical 
quasi- isomorphisms^^ 

(2.4.1) icrys : -RrHK(X)S,+ ^ i?r„ys(X) Q, : RT^{X)\ ^ RVa^{X) 

compatible with the Gal(^/i^o)-<iction; here , are crystalline and de Rham 
Hyodo-Kato twists (they commute with the passage to h-sheafification and RT). 

^'^For Of^/p is faithfully O/c/p-fiat and RT{Z^ M^)/(S C}^ Ox/p-perfect complexes. 
^^Here Kr^R is Deligne's version of the de Rham cohomology, see [B] 3.4. 
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Proposition, (i) For any {V, V) € Var^ the canonical maps RTcrysiV, V) <SiQ^ 
-Rrcrys(^) RTuKiVjV) RTuiciV) are quasi-isomorphisms. 
(a) For every X G Var^ the cohomology groups H^RTcrys{X) i?rHK(-^) are 
free B^^y^-modules, resp. K^^'^^ -modules, of rank equal to dim HV-^^X , Qp) . The same 
is true for the relative cohomology groups for a map of varieties. 

Proof, (i) The map RTdRiV, V) — > RTdR{V) is a quasi-isomorphism by usual 
mixed Hodge theory (see (i) of the proposition in [B] 3.4). Using LdR, we see that 
i?rHK(V', V) ^ RTHKiV); applying terys, we get RT^rys{V, F) (g) Q ^> Rr„y,{V) ® Q. 
(ii) One has dim^i/Jp(X) = dimHg{X,Qp) (see (ii) of the proposition in [B] 3.4). 
Now use (-dR and icrys as in (i). Same for the relative cohomology. □ 

2.5. Assertion (i) of the above proposition can be generalized as follows. Suppose 
wc have {Z , Jvl) I [S , C) that satisfies the conditions of Example in 1.16 with K a 
subfield of K. Let X be the puUback to K of the open subset of Z where the log 
structure is trivial, {Z~ M~) be the pullback of (Z, M) by (5, C) {S, C) (see 1.17, 
1.18 for the notation). Let us define canonical maps 

(2.5.1) i?r„ys(^-, Mr) ^ RV^,y^{X), RT^{Zl, M\) ^ RT^{X). 

Consider the arithmetic pair (X, Z~) over K; pick any its h-hypercovering {V.,V.)hy 
ss-pairs (see [B] §2). One has an evident map of log schemcs^^ (X, Z~) — > (Z~, A^~), 
so {y.,V.) is a simplicial log scheme over {Z~,M.~). Our maps are compositions 
RT„y^{Z-M~) ^ RT„y^{V.,V.) ^ RT„y^{V.) ^ RT„y,{X) and RT^iZ^Ml) ^ 
RT^iZ-M-) ^ RT^iV, V.) ^ RT^{V.) <^ RT^{X). 

Proposition. The maps from (2.5.1) yield quasi-isomorphisms iircrys(.^~, A^~)(8>Q 

^ i?r„ys(X) ® Q, RT^{ZlM'() ®K„KS' ^ RTBKiX). 

Proof. Our maps are compatible with identifications tcrys of (1.18.2) and (2.4.1), so 
it suffices to check the assertion for RTuk- Let {X, A4x) be the pullback of {Z, A4) 
to K. This log scheme is log smooth over K, and one has an open embedding 
j : X ^ X that identifies X with the open subset of X where Aix is trivial. 
Isomorphisms l^r of (1.16.2) and (2.4.1) show that the assertion for RTuk amounts 
to the claim that the map j* : RT{X, n'^^ Mx)/k) ^ ■Rr(X, ^^x/r) = R'^dR{X) is 
a quasi-isomorphism. This is true for any log scheme {X, M.x) log smooth over K. 
Indeed, our claim is etale local, so [Kl] 3.7 implies that it suffices to consider the case 
of X = Spcc^[P], Aix is the log structure generated by P, where P is a finitely 
generated integral monoid (so X = Spec KlP^"]). Here the assertion is standard 
(and obtained momentarily by looking at the P-grading of T{X, ft'^-^ ^ _ yj^) ). □ 

3. The Fontaine-Jannsen conjecture. 
3.1. For X G Varj( we define the crystalline period map 
(3.1.1) 

Pcrys • R^crys{X) ^ RVg^i^XjWip) -Acj-yg 

as the composition of the evident map RTcrys{X) RTcrys{X)(S^Zp with identifica- 
tion (2.3.2). Composing pcrys fX) Q with isomorphism tcrys from (2.4.1), we get 

(3.1.2) PHK : i?rHK(X)^+ ^i?ret(X,Qp)®Q^B+y,. 



'We view pairs as log schemes as in [B] 3.2. 
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These are morphisms of Eqo Acrys- and B+^g-algebras equipped with the Frobenius 
action (it acts on the target via the second factor). The Galois group Gal{K / Kq) 
acts on Varf^ and all the functors; Pcrys, Phk are compatible with this action. Thus 
if X is defined over an extension C ^ of Kq, X = Xk ®k K, then Ga\{K / K) 
acts on both terms of (3.1.1), (3.1.2) and pays, Phk commute with the Galois action. 

3.2. Wc use the notation from 1.17. Below Qp/Zp(l) is the subgroup of p°°-roots 
of 1 in O^, so Qp(l) is projective limit of the system ... A Qp/Zp(l) A (Q)p/Zp(l). 
Thus one has an embedding Qp(l) ^ C^, (s^"^) n> (e^"^ mod pO j^) e C^, hence 
a canonical embedding Qp(l) ^ A^j.yg. The image of Zp(l) lies in (1 + Jcrys)^; 
applying log : (1 + Jcrys)^ Jcrys, we get I : Zp{l) ^ J„ys C Acrys- As in [Fl] 
2.3.4, set Bcrys := ^ciys[lit)^^], where t is a generator of Zp(l). Inverting l{t) 
implies inverting p,^° so Bcrys 3 ^trys- 

Theorem. The Bcrys-Hnear extension of pays and phk are quasi-isomorphisms: 

for any X e Varj^ one has Pcrys : -Rrcrys(^) (8)Ae,ys -^crys R^et{X,<[^p) Bcrys; 

PHK : RToiiXYB,,^^ A RTitiX, Qp) ® Ecrys- 

Proof. It is very similar to that of the pdR counterpart in [B] 3.6: there is a calcu- 
lation for circle (Lemma below) followed by a general functoriality argument. 

(a) The case of X = Gm = P"'^ \ {0, oo}: Let t be the standard parameter on Gm, 
and be viewed as a Gm-equivariant compactification of G„i. So (G^^j , G^g) 
is an ss-pair over K; denote the corresponding log 5-scheme by Yg. Its log structure 
is generated by C and t. Let l^rys be GmE„y^ equipped with the log structure on 
generated by t and £crys- 

By (ii) of the proposition in 2.4, it suffices to consider the group H^. Consider 
the canonical map i?rcrys(5^5) — >■ RTcrysi'^mK)- Since l^rys is a pd-smooth ob- 
ject of (Yg^/(i?crys. 'Ccrys))crys, its dc Rham complcx equals i?rcrys(i^s) (see (1.8.1), 
(1.18.1)), so ifcrys(^s) ^s a free Acrys-module generated by dlogt. By (i) of the 
proposition in 2.4, ff^j.yg(G„^) (8> Q is a free Bcrys-module generated by the image 
of dlogt. Let K be the canonical generator of i?|j(G„^,Zp(l)). It remains to prove: 

Lemma. One has paysidlogt) = 1{k). 

Proof of Lemma. We do mod computation. Let Gm be a copy of Gm with 
parameter i, and tt : G^ G™ be the map 7r*(t) = i^" . Then 'Gmji/'^mK is 
a Z/p"(l)-torsor, and k„ G 7J^(G„;f^j, Z/p"(l)) is its class. The corresponding 
Cech hypercovering is the twist of GmR by the universal Z/p"(l)-torsor t over the 
simplicial classifying space B. of Z/j3"(l), and k„ comes from an evident 1-cocycle 
on B.. Now TT extends to an h-covering (G^^, GJig) {GmR^ ^ms) of ss-pairs; its 
t-twist TT. : (GmRj Gms)- ^ (*^mi?) ^ms) is an h-hypercovering in Var^. Changing 
the notation, we have tt : Y§ — > Yg and w. : Fg. — )• Yg. We want to check that 
TT.crys : R^cTys{Yg)n ^rcrys(Y|.)„ scnds dlogt to /(k„). To do this, we extend 
TTi. to a map of simplicial pd-smooth thickenings FT ^ P. over Eaysn- 

Set P := Ycrysri, G ■= 'S£;„y3„('= the pd-envelope of Gm at 1, see 1.2). Then Q 
acts on P through G — >■ G^. Our P. is the twist of P by the universal ^-torsor over 
the simplicial classifying space Bg. .^^ Consider now the "-copies P'and Q~. Together 



^^The pd-structure on t/crys 

provides p ^l{t)P G Jcrys- 
^^P. is equal to the simplicial object P* of (V^^ /(-Bcrys, .Ccrys)n)crys from 1.6. 
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with the ^"-action, P~ carries an action of p~"'Ep via the composition p~"Zp(l) C 
Qp(l) ^ A^rys -'^crysn = (i?crys n) , where ^ is the Canonical embedding. 
Its restriction to Zp(l) lands in (1 + Jaysn)^ , i-C, we have a homomorphism a : 
Zp(l) — > ^ (i^crysn)- Both actions combine into an action of the group pd-scheme 

which is an extension of {p~^Zp/Zp){l)E„y^„ by Q~ defined as the pushout of 
Zp(l) p-"Zp(l) (p-"Zp/Zp)(l) ^ by a. Our FT is the twist of P~ 
by the universal CJ"'"-torsor over the simplicial classifyling space Bg+.. Extension 

splits over Si since a vanishes at Si C -Ecrysn; so we get an exact embedding 
of simplicial log £^crys n-schemes Y§^^ ^ PT. The pd-structure on Q~ provides 
a pd-structure on its ideal. Finally, the projection tt . P~ P and an evident 
"multiplication by p"" morphism : ^ G yield a map ttp. : P7 — ^ P. of 
pd-thickenings that extends tti.. 

The pd-thickenings Pi and Pi are pd-smooth over i?crysn, so, by (1.8.1), (1.18.1), 
the map 7r.*ci.ys : -Rrcrys(^s)n — >■ -Rrcrys(^i.)n coiucidcs with the puUback map 
TTp. : Rr{P.,Qp) Pr(P7, f2p-) between the total de Rham complexes; here 
fiv := ^'->/(Ecrya CcryB)r^^ (llogt G T (Pq , Qp^) extcuds to a total 1-cocycle in 

T{P.,ilp) by adding the component logx G T{Pi,Op-^) which comes from the 
evident 5- valued 1-cocycle x on Bg.. One has TrpQ{dlogt) = p^dlogi = 0, and 
7r|,j(logx) comes from the 1-cocycle log(x7r+) on Bg., which is l{Kn), q.e.d. □ 

(b) Compatibility of pcrys with the Gysin maps for codimension 1 closed em- 
beddings of smooth varieties: Let i : Y ^ X he such an embedding. For any 
cohomology theory RT? we deal with, consider the cohomology with supports 
RT->y{X) := Cone{Kr-?{X) Pr?(X \ Y))[-l]. Recall a definition of the Gysin 
isomorphism : Rr^Y) ^ Pr7y(X)[2]. 

Let £ be the normal line bundle, io Y ^ M its zero section. There is a 
canonical identification t] : i?r?i-(£) ^ RT?y{X) defined using the deformation to 
normal cone construction. Namely, we have the diagram 

£ ^ X^i ^ X 
(3.2.1) t^o t ti 

Y ^ Yai ^ Y. 
Here Y^i =YxA^, X^i is X x A-*^ with Y x {0} blown up, the bottom cmbeddings 
are y ^ (?;,0),(y, 1). The arrows RT7y{C) ^ RT7y^^{X£i) i?r7y(X) are 
quasi-isomorphisms (this is standard for RTct, RTdn, the assertion for -RFhk and 
PLcrys C?> Q is deduced from that for RT^^ using (2.4.1)). Their composition is rj. 

One has := r]?o*. so it suffices to define ?'o*. The projection C ^ Y makes 
i?r7y(£) an i?r7(F)-module, audio* is a morphism of i?r7(y)-modules. Thus to de- 
fine io*, we need to specify the orientation class io*(l) G i?fy^(£) ^ T<o(Pr7y(£)[2]) 
(here <^ holds due to (ii) of the proposition in 2.4). If Y is connected, then iJ.^y (£) 
is a free module of rank 1 (see loc. cit.), so, localizing Y, we can assume that C 
is trivialized. Then H^yi^) ^ H^i'^mK)^ and we define io*(l) to be dlogt for 
PFdR, PFhk, -RLcrys 18) Q, and 1{k) for Pret(-, Qp) CS) Bcrys (sec (a) for the notation). 
We have defined io*, hence i*. It is an isomorphism (standard for RTet, RTdR', the 
assertion for PFhk and PFcrys <8) Q is deduced from that for PFdR using (2.4.1)). 
Evidently commutes with the maps of (2.4.1) and, by lemma in (a), with pcrys- 

(c) The case of smooth projective X: We can assume that X is connected, 
dimX = d. Then H^'^{X) is a free module of rank 1 (see (ii) of the proposi- 
tion in 2.4), and the Poincare duality pairing H\{X) x H^^-\X) H^'^{X) is 
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nondegenerate (standard for -RFet, i?rdR; the assertion for RTuk and i?rcrys (81 Q is 
deduced from that for RT^r using (2.4.1)). Since pays is a morphism of algebras, it 
is compatible with the Poincare duality. This, together with (ii) of the proposition 
in 2.4, implies that pcrys : -f^crys(-^) '^^crys — >■ Hl^{X, Qp) (8>Bcrys is an isomorphism 
for every i if this is true for i = 2d. To check the latter assertion, consider the class 
c? G H^{X) of hypcrplane section (defined using the corresponding Gysin map). 
Then 4 is a base in Hj^iX, Qp) ® Bcrys, c^^ys is a base in H^fy^{X) (g)Q (by (2.4.1), 
since cf^ is a base in i7|p(X)). Now /3crys('^crys) = '^ct by (b), and wc arc done. 

(d) The case when X is the complement to a strict normal crossings divisor in 
a smooth projective variety: Checked exactly as in [B] 3.6, by induction by the 
number of the components of the divisor using (c) and (b) . 

(e) The case of arbitrary X: Checked exactly as in [B] 3.6, using an h-hypercovering 
of X by varieties as in (d). □ 

3.3. The theorem in 3.2 implies the Fontaine- Jannsen conjecture. To see this, we 
pull phk back to the Hyodo-Kato Ga-torsor^^ SpecBgt/SpecBcrys to trivialize the 
twist, cf. (1.18.4). We get a canonical quasi-isomorphism of Bgt-complexes 

(3.3.1) PHK : i?rHK(X)B3, ^ RTetiX, %) ^ B,t 

compatible with the (1^9, A^)-action and with the Gal(_^/_ft')-action on Varj^; here 
i?rHK(-^)Bst •= ^rHK(-^) 'H'Kj'Bst. This is the identification asked for in [F2] §6. 
Conjectures Cpst, Cst, and Ccrys (see [F2] 6.2.1, 6.2.7, 6.1.4) come as follows: 

(i) Suppose X is defincid over a finite extension K of Kq^ K d K, so we have 
Xk over K and an identification X — Xk ®k K. We get the Gal(.^/iir)-action on 
i?rHK(-'^)- By [Fl] 4.2.4, H'^RT^{X) coincides with the subspace of those elements 
in iJ"_RFHK(-'^)B,t whose stabilizers in Gal(^/i4r) are open, hence, via (3.3.1), with 
the similar subspace of i?Fct(X, Qp) ® Bgt. This is conjecture Cpst- 

(ii) Assume we are in the situation of 2.5. Then i?rHK(2'i , Mi)®KoKq'' ^ RT]s^{X) 
by the proposition in loc. cit., so Gal(-^/i^) acts trivially on RTys<:_{Zi,M.\). We 
get phk : RVy!k{Zi,M\) ®K„^st ^ i?Fet(X,Qp) B^t, which is conjecture Cst- 

(iii) Assume we are in the situation of 2.5, and {Z'(,M.\)/{Si,Ci) can be realized 
as the pullback of a log scheme (Z", TWq) over 5° = Spec k (with trivial log struc- 
ture) by the tautological map {Si,C\) — > 5°. E.g. this happens if X is smooth 
proper and Xk has smooth model Z: then the log structure Ai^ is trivial. By 
the base change, RTcrys{Z^,Ml) Q ^ RTy!k{Zi,M\), so N acts trivially on the 
Hyodo-Kato cohomology, and phk from the theorem in 3.2 can be rewritten as 

i?Fcrys(^l,Xo) ®W(k) Bcrys -> RYct{X,Qp) ® Bcrys, which is COujccture Ccrys- 

3.4. In the rest of the section we show that the crystalline period map is compatible 
with its derived de Rham cousin p^R from [B] 3.5.4: 

Theorem-construction. For any X e Var^ there is a canonical isomorphism 

(3.4.1) RTMX) ®K ^ BTcy^iX) ®A,.,3 ^dR. 

com,patihle with the Galois action such that pdR is the composition of (3.4-1) with 

Pcrys ® id^+^. i?r„ys(X) (g)A„^, ^ R^ti^, Qp) ® B+^. 

32Here B^t := B+ ® + Bcrys- 
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Proof. Let us fix notation. As in [B] 3.3, for any ss-pair (V, V) over K we denote 
by BF^Y^CVjV) its absolute derived de Rham complex Rr{V , LQ^y^yyy^^f^i^^). Set 
R^lRiV^V)n ■■= R^iniV,?) ®^ Z/p" ^ i?r(t/,Lr!-(y,^)^/^^(;,)), where ^ is the 
base change identification, RT^^{V, V)^Zp := holim„i?r5j^(y, RT^^{V, V)^Qp 
:= {RT^i^{V,V)§)Zp) O Q. These are F-filtered Eoo algebras, where "F-filtered" 
means that we view them as mere projective systems of quotients modulo the 
terms of Hodge filtration F™. Below we consider the homotopy F-completions 
of these complexes, which we denote by limi?. So we have limiri?rjj^(V, V)n = 
holim„(i?rjR(y,l7)„/i^"), limf^i?rjj,(y,y)gZj, := holim„(i?rjj,(V,F)gZp/F™) 
= holim„,„(i?rV(X^,l^)„/F™), etc. 

Recall that A^r = RT^^{Spcc{K,Oj^ j) (see the lemma in [B] 3.2). The corre- 
sponding F- filtered algebras AdR„, AdR(8)Zp, AdR(8)Qp are acyclic in degrees ^ 
and their projections •/F™^^ -/F"^ are surjective (see [B] 1.4, 1.5). Thus 
^dkn •= lim^AdRn equals ^m^ iJ°(AdR„/F'"), A^j^ := limFAdR«)Zp equals 
^^i/0(AdR§Zp/F™), and limi.AdRSQ„ equals ^mifO(AdR§Qp/F'") = B+j^. 
Notice that A^j^„ = A^j^ Z/p" = A^j^ O-^ Z/p". 

For any {V, V), the complex RT^^iV, V) is an F-filtered Eqo filtered AdR-algebra. 
so WmpRT^YS^^ is an AdRn-algebra, lim^ i?rjj,(y, V)®Q,p is a B^j^-algebra, etc. 
In 3.5-3.7 below, we will construct the next natural quasi-isomorphisms: 

(a) In 3.5, we define an F-filtered quasi-isomorphism 7 : i?rdR(l^) 0jf (AdR(8)Qp) 
^ RT\^{V,V)%%. The filtration F on i?rdR(y) is the Hodgc-Dcligne filtration 
(see [B] 3.4); it is finite and grp,i?rdR(y) is a perfect K-complex. Thus we have 

(3.4.2) limir7 : iirdR(y ) (^rKk^ limFi?rjj^( V, F )§Qp. 

(b) In 3.6, using lUusie-Olsson's comparison (see 1.9), we construct a natural 

compatible system of ring homomorphisms Acrys n „ and quasi-isomorphisms 

K„ : RT^^ysiV, V)n ®A„y,„ A^Rn ^ ^"^"^pRF^RiV, V)n- Sincc the proposition in 2.1 
implies that RT^,ys{V, V) P^t-R, ^ holim„i?rcrys(y, V)n ®a,^^,^ ^aku^ S^t 

(3.4.3) K := holim„«;„ : RT^rysiV, V) <»^^^^^ A^^ limFi?r^R(V, V)^Zp. 

(c) Consider the evident AdR(§Zp-linear map RT^^^{V, V)^Zp R^^^^iV, V)^Qp. 
In 3.7 we prove that the Bjj^-linear extension of its limi? is a quasi-isomorphism: 

(3.4.4) (hm^ i?rjj,(y, y)gZp) B+, ^ lim^i?rjj,(y, V)§>Qp. 

Suppose wc know (a)- (c); let us deduce the theorem. Consider the quasi- 
isomorphism i?rdR(V) ®K BdR —> -fiTciyslV', V) ®Aory, "^dR dcfined as the composi- 
tion ((3.4.3)(8)id3+ )~^(3.4.4)~^(3.4.2). This is a quasi-isomorphism of prcsheaves 

on Var^. Its h-sheafification is a quasi-isomorphism of h-sheaves .AdR BJj^ 
-^crys s "^dR Vflfj^ (we use the notation of [B] 3.4); applying Rr{Xh, •), we 
get (3.4.1). The construction is natural, so it commutes with the Galois action. The 
final property is evident from the constructions of pcrys and pdR- We are done. □ 
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3.5. We consider (a) above. Recall that we have a filtered quasi-isomorphism 
Rr\^{V,V) (E)Q ^ RTdniV), so the evident map RT^j^{V,V) Rr^^{V,V)^Zp 
yields the morphism of F-filtered i^-algebras i?rdR(V") -)> RTdni^, V)§)Qp. Let 
7 : RTdR{V) 0^ (AdR0Qp) -)■ iirjj^(V;1/)§Qp be its AdR§Qp-linear extension. 

Lemma, 'y is a filtered quasi-isomorphism. 

Proof. By [B] (4.2.1), gj:pRr\^{V, V) carry a finite filtration /. and we have an iden- 
tification gr^gr-i?rX(y, y) = RT{V,n-^y^)[~a] (^^_ gr^'^'AdR. Here n-^y^ := 
^'(vv)/(s c) '^^^ relative differential forms with log singularities. The /a's are 
gr^AdR-submodules of gipRr^^{V, V) and the identification is gr^^AdR-linear. 
Since RT{V,il'^yy^) is a perfect O^-complex, applying -i^Qp yields a finite 

filtration I. on gr^i?rjj^(V, V)(S)Qp together with a gr^B^j^-linear identification 
gvigv^RT^^^{V,Vmp = ® RT{V,n»yy )[-a] ^o^g^-^B+j,. 

m>a>0 ^ ' ' 

One also has an evident gr^B|jp-linear identification gr^ (i?rdR(y)(E>if (AdR(8)Qp)) 
= (BagrUnrMV)) ®k = ® i?r(l/,0" ^ )[-a] ®o^gr^-"B+j,. 

m>a>0 \ ' / 

Since gr^7 sends gr^i?rdR(V^) to /agr^i?r,5r5 l7)§Qp = gv''pRTl^ {V,V)mp, 
it sends gr|i?rdR(V^) (» gr^B+^ to Iagr^"RT\^{V,V)®'^p- The lemma follows 
if we check that gr^i?rdR(y) ® gr^B+j^ gr^gr^'^i?rjj^(l/, y)gQp is a quasi- 
isomorphism. By the above, it suffices to do this for • = 0. Here it is evident: the 
projection RT\j^{y,V) RTiV ,VL'^yy^) provides, after applying gr^. • (giQp, the 
inverse map. □ 

3.6. Let us consider (b) in 3.4. The log schemes (F, V")n/W„ satisfy the condition 
of Remark in 1.9, so we get canonical morphisms 

(3.6.1) Kn : RT„ys{V, V)n ^ limFi?rjj,(V, 

Namely, k„ is projective limit of the maps Km.n ■ -Rrcrys(V', V)n — > R^dn ^)n/F'^, 
where n^.n equals the composition i?rcrys(V", F)„ —> RT{{{V,V)n/Wn)crys,0) — >■ 
i?r(((F,F)„/VF„),C/J^H) 4 RT^^{V,V)n/F"\ the first 4 comes from Remark 
in 1.12, the second is the inverse to the Illusie-Olsson isomorphism (1.9.2). 

Example. For {V,V) = Spec {K, On), our Kn is a canonical map ^crysn — ^ AdR„- 
By lUusic-Olsson (see 1.9), it identifies Acrysn/./rT'' with AdKn/ F"^ , where J„ is 
the kernel of the projection Acrysn ^ Ok/p^- Thus A^j^ is the completion of Acrys 
with respect to the Jl"^' -topology. 

Proposition. The ^jp,„-^mear extension of Kn is an isomorphism: one has 
(3.6.3) RTcrysiV, V)n ^^r „ ^ UmFRTduiV, 

Proof. By Proposition in 2.1, the l.h.s. in (3.6.3) equals holimmi?rcrys(^, ^^)n®A„yaT, 

(A„ysn/Ji"') 4 h0lim„i?r(((y,y)„/(5„,Aerysn/J^'))crys,O^^/(A„^_/^M)) by 

base change and (1.18.1). Since {V,V)n is log smooth over {S,C)n, the Hodge- 
pd filtration on f2'_ , r„K is finite (in fact, F'^fl'^ , . , vanishes for 

A'' > dim V + m), so the above completion equals the completion for the Hodge-pd 
filtration, which is the r.h.s. of (3.6.3) by the Illusie-Olsson theorem in 1.9. □ 
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3.7. Consider finally (c) in 3.4. Using (3.4.2) and (3.4.3), the map (3.4.4) can be 
rewritten as : i?rcrys(V^, V)^Ac^ys^dR ^ R^dR{V)CSixB^j^. Both terms are perfect 
B^j^-complexes (see Proposition in 2.1) and B^j^ is a dvr, so to prove that </> is a 
quasi-isomorphism it suffices to check that its pullback t^Cp '■ ^ircrys(V, V) <8>A„^y^Cp 
— >■ RTdRiV) (SiK to B^pj/rridR = Cp is a quasi-isomorphism. We use 2.1 and the 
notation in loc. cit. By (1.18.1) and base change, one has _Rrcrys(V, V) ®^ Oj^ ^ 

Rr{Z,n^z,M)/{s,c)) ®OkOk. hence RT,,y,{V,V) ^i^^, Cp 4 RT^RiV) ®k ^p- 
Comparing it with the definition of k in (3.4.2), we see that this identification 
equals (j)Cp , and we are done. □ 
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